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Abstract

We show that the general procedure developed by Fox and Uhlenbeck (Phys. Fluids 3

(1970) 1893) may be employed to describe the hydrodynamic fluctuations of a thermotropic

nematic liquid crystal in equilibrium and steady states. We calculate explicitly the matrix of

correlation functions for the transverse variables of a nematic film confined between two

horizontal plates and subjected to a constant pressure gradient. We find that the light

scattering spectrum and the intensity of the Rayleigh line are calculated from the orientation

correlation function in equilibrium to first order in the pressure gradient. The shape and

intensity of these lines deviate from their equilibrium values by amounts proportional to the

imposed gradient, leading to an asymmetry in their height and intensity. It is shown that these

effects may as large as 94.3% for a value of j rp j¼ 2:64� 10�2 atm=cm of the pressure

gradient, suggesting that this effect might be observable.
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1. Introduction

The Landau and Lifshitz theory of hydrodynamic fluctuations [1] close to
equilibrium has been put on a firm basis within the framework of the general theory
of stationary Gaussian Markov processes by Fox and Uhlenbeck long ago [2,3]. This
approach has matched the theory of Onsager and Machlup [4,5] with the approach
of Landau and Lifshitz, for systems where the basic state variables, faið~r; tÞg; do not
posses a definite time reversal symmetry. Although Fox and Uhlenbeck’s scheme has
been applied to simple fluids and their binary mixtures [6,7], its applications to other
complex fluids are rather scarce.

In spite of the fact that the theory of fluctuations in nonequilibrium fluids was
initiated in the late 70’s [8–13] and pursued by many authors [14–19], still nowadays
several questions concerning the nature of hydrodynamic fluctuations in stationary
nonequilibrium states are of current active interest. One of these issues is the long-
range character of these fluctuations, specially far away from instability points [20].
Thermal fluctuations in an equilibrium fluid always give rise to short-range equal
time correlation functions, except close to a critical point. But when external
gradients are applied, equal-time correlation functions can develop long-range
contributions, whose nature is very different from those in equilibrium. For many
models and systems in nonequilibrium states it has been shown theoretically that the
existence of the so called generic scale invariance [21,22], is the origin of the long
range nature of the correlation functions [23]. In the case of a simple fluid in a
thermal gradient the structure factor, which determines the intensity of the Rayleigh
scattering, diverges as q�4 for small values of the wave number q. This amounts to an
algebraic decay of the density–density correlation function, a feature that has been
verified experimentally [24–27].

However, in spite of the considerable interest in fluctuations about dissipa-
tive steady states of simple fluids during the last two decades, there are few
similar studies for equilibrium or nonequilibrium stationary states of complex
fluids. Among these the enhancement of concentration fluctuations in polymer
solutions under external hydrodynamic and electric fields [28], or the case of a
polymer solution subjected to a stationary temperature gradient in the absence
of any flow [29], have been discussed. Also, the behavior of fluctuations about
some stationary nonequilibrium states have been analyzed in the case of
thermotropic nematic liquid crystals. Specific examples are the nonequilibrium
situations generated by a static temperature gradient [30], a stationary shear
flow [31] or by an externally imposed constant pressure gradient [32–34].
Although, these studies have considered only the particular case of transverse
modes of the nematic, in the first two cases it was found that the nonequilibrium
contributions to the corresponding light scattering spectrum were small, but in
the case of a Poiseuille flow induced by an external pressure gradient the effect
may be quite large. To our knowledge, however, at present there is no
experimental confirmation of these effects, in spite of the fact that for nematics
the scattered intensity is several orders of magnitude larger than for ordinary
simple fluids.
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The main purpose of this work is first, to show that the general procedure
developed by Fox and Uhlenbeck may be employed to treat complex fluids
systems like a thermotropic nematic liquid crystal in equilibrium and steady states.
Secondly, for this system we calculate analytically all the correlation functions
of the transverse state variables when the nematic is out of equilibrium and we
evaluate their effect on the dynamic structure factor of the fluid. For this purpose
the plan of the paper is as follows. In Section 2, we reconsider the model of a
nematic thin film subjected to an externally imposed constant pressure gradient
[32,33] and we show explicitly that the fluctuating linearized hydrodynamic
equations may be recasted in the general form of Fox and Uhlenbeck. The entropy
production for the nematic, the fluctuation–dissipation relations for the corres-
ponding stochastic currents are also determined and the corresponding Fokker–
Planck equation for the two point distribution function is written explicitly. The
transverse hydrodynamic modes in equilibrium and for the steady state are
calculated and the velocity, orientation and velocity–orientation correlation
functions are derived as outlined in Section 3. From the orientation autocorre-
lation function we calculate the dynamic structure factor in the steady state and
describe its alterations with respect to the equilibrium case. Finally, we close the
paper by discussing some of the limitations, advantages and perspectives of this
approach.
2. Model and basic equations

2.1. Linearized nematodynamic equations

The hydrodynamic description of uniaxial, thermotropic nematic liquid crystals is
a well established subject and has been verified experimentally in detail [35–41]. Its
generalization to include electrohydrodynamic effects has also been accomplished
and has been triggered by the many electro-optic effects existing in these liquids
which have produced a variety of applications in display devices [42,32], or for
transport processes in these fluids [7,45].

The hydrodynamic state of the nematic is specified by the following variables: the
velocity field,~vð~r; tÞ; the unit vector defining the local symmetry axis (director), ~nð~r; tÞ;
the mass density, rð~r; tÞ; and the temperature, Tð~r; tÞ: If, as depicted in Fig. 1, the
initial director’s orientation bn0 is chosen along the z axis, it is a preferred direction
and the hydrodynamic variables may be divided into two independent sets, namely,
transverse and longitudinal to bn0 and the wave vector ~k [38]. The former set is
fvxð~r; tÞ; nxð~r; tÞg; while the latter is frð~r; tÞ; Tð~r; tÞ; vyð~r; tÞ; vzð~r; tÞ; nyð~r; tÞg: More
precisely, Fig. 1 shows a planar homeotropic nematic cell of thickness d, where the
molecules are oriented normal to a lower and upper plates. A constant external
pressure gradient rp; acts along the plates and produces a stationary Poiseuille flow
in the positive y direction

~v0 ¼ v0yðzÞby (1)
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Fig. 1. Schematic representation of a plane homeotropic nematic cell. A constant pressure gradient is

applied in the direction by: y is the scattering angle. ~k 
 ~ki �
~kf is the scattering vector. The plane (~ki; ~kf ) is

the scattering plane and the angle between ~ki and ~kf is the (internal) scattering angle y: bi and bf are the

initial and final directions of the polarizations of the incident and scattered light. j is the angle between ~k
and the z axis.
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with

v0yðzÞ 

j rp j

2n3
z2 �

d

2

� �2
" #

: (2)

Here n3 is one of the five independent friction coefficients of a nematic in the
notation of Harvard [35] and by denotes the unit vector along the y direction. It will
be convenient to define a dimensionless pressure gradient

g 

r0d3

n23
j rp j ; (3)

so that the flow field (1) is

v0yðzÞ ¼ gðb1 � b2z2Þ (4)

with b1 
 n3=ð8r0dÞ and b2 
 n3=ð2r0d3
Þ: r0 is the mass density in the reference

equilibrium state.
For our purposes we shall only need the linearized hydrodynamic equations

describing the dynamics of the small perturbations drð~r; tÞ 
 rð~r; tÞ � r0; dTð~r; tÞ 

Tð~r; tÞ � T0; dvið~r; tÞ 
 við~r; tÞ; dnið~r; tÞ 
 nið~r; tÞ � n0i; resulting from spontaneous
thermal fluctuations around the equilibrium state. In the Appendix the complete
linearized set of hydrodynamic for these fluctuations is reviewed. We shall now
rewrite Eqs. (123)–(126) by introducing the slightly modified set of state variables
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faið~r; tÞg all possessing the same dimensionality

a1ð~r; tÞ 

1

ðr0Þ
1=2

drð~r; tÞ ; (5)

aað~r; tÞ 

r0

A

� �1=2
dvað~r; tÞ; a ¼ 2; 3; 4 ; (6)

a5ð~r; tÞ 

r0C

T0A

� �1=2

dTð~r; tÞ ; (7)

amð~r; tÞ 
 r1=2
0 dnmð~r; tÞ; m ¼ 6; 7 ; (8)

where the equilibrium quantities A and C have been defined in the Appendix. Then
Eqs. (123)–(126) become

q
qt

a1 þ A1=2 q
qxa

aa ¼ 0 ; (9)

q
qt

aa þ A1=2 q
qxa

a1 �
1

r0

n0ajbl

q2

qxjqxl

ab þ
B

r0

T0

C

� �1=2 q
qxa

a5

þ
1

2r0A1=2
l0kjak

0
kjml

q3

q2xjqxl

am ¼ 0 ; ð10Þ

q
qt

a5 þ
B

r0

T0

C

� �1=2 q
qxa

aa �
1

r0C
k0

ij

q2

qxiqxj

a5 ¼ 0 ; (11)

q
qt

am �
1

2
A1=2l0mja

q
qxj

aa �
1

g1
d0 ?
mk k0

kjnl

q2

qxjqxl

an ¼ 0 ; (12)

where the Latin subindices run over the range i; j; k; l;m ¼ 1; 2; 3; 4; 5; 6; 7 and the
quantities B, d0 ?

ik ; n0ijbl ; k0
ij ; l0kji; K0

kjml ; were also defined in the Appendix. It is
important to point out that as shown by Eqs. (10) and (12), the velocity and director
fields are coupled, that is, the translational motions are coupled to inner,
orientational motions of the molecules. In most cases the flow disturbs the
alignment and conversely, a change in the alignment (e.g., by the application of an
external field) will induce a flow in the nematic. However, as will be discussed later
on, the characteristic time scales of these processes are quite different and the
response of the director to a superimposed flow is not instantaneous.

In matrix form Eqs. (9)–(12) can be rewritten in the form

q
qt

aið~r; tÞ ¼ �

Z
Gijð~r;~r

0
Þajð~r

0; tÞd3r0 ; (13)
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where the matrix Gij is symmetric

Gijð~r;~r
0
Þ ¼

0 G1a 0 0

Ga1 Gab Ga5 Gam

0 G5a G55 0

0 Gma 0 Gmn

0BBB@
1CCCA (14)

with

G1a ¼ Ga1 ¼ A1=2 q
qxa

dð~r �~r0Þ ; (15)

Gab ¼
1

r0

n0ajbl

q2

qxjqx0
l

dð~r �~r0Þ ; (16)

Ga5 ¼ G5a ¼
B

r0

T0

C

� �1=2 q
qxa

dð~r �~r0Þ ; (17)

G55 ¼
1

r0C
k0

ij

q2

qxiqx0
j

dð~r �~r0Þ ; (18)

Gam ¼ �
1

2r0A1=2
l0kjaK

0
ksmr

q3

qxjqxsqx0
r

dð~r �~r0Þ ; (19)

Gma ¼ �
1

2
A1=2l0mja

q
qxj

dð~r �~r0Þ ; (20)

Gmn ¼
1

g1
d0 ?
mk K0

kjnl

q2

qxjqx0
l

dð~r �~r0Þ (21)

and where dð~r �~r0Þ is Dirac’s delta function. Note that Gij may be decomposed in the
form Gijð~r;~r

0
Þ ¼ Sijð~r;~r

0
Þ þ Aijð~r;~r

0
Þ with

Sijð~r;~r
0
Þ ¼

0 0 0 0

0 Sab 0 Sam

0 0 S55 0

0 Sma 0 Smn

0BBB@
1CCCA ; (22)

where

Sab ¼
1

r0

n0ajbl

q2

qxjqx0
l

dð~r �~r0Þ ; (23)

S55 ¼
1

r0C
k0

ij

q2

qxiqx0
j

dð~r �~r0Þ ; (24)
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Sam ¼ �
1

4

1

r0A1=2
l0kjaK

0
ksmr

q3

qxjqxsqx0
r

� A1=2l0mja
q
qxj

" #
dð~r �~r0Þ ; (25)

Sma ¼ �
1

4
A1=2l0mja

q
qxj

�
1

r0A1=2
l0kjaK

0
ksmr

q3

qxjqxsqx0
r

" #
dð~r �~r0Þ ; (26)

Smn ¼
1

g1
d0 ?
mk K0

kjnl
q2

qxjqx0
l

dð~r �~r0Þ (27)

and

Aijð~r;~r
0
Þ ¼

0 A1a 0 0

Aa1 0 Aa5 Aam

0 A5a 0 0

0 Ama 0 0

0BBB@
1CCCA (28)

with

A1a ¼ Aa1 ¼ A1=2 q
qxa

dð~r �~r0Þ ; (29)

Aa5 ¼ A5a ¼
B

r0

T0

C

� �1=2 q
qxa

dð~r �~r0Þ ; (30)

Aam ¼ �
1

4

1

r0A1=2
l0kjaK

0
ksmr

q3

qxjqxsqx0
r

þ A1=2l0mja
q
qxj

" #
dð~r �~r0Þ ; (31)

Ama ¼ �
1

4
A1=2l0mja

q
qxj

þ
1

r0A1=2
l0kjaK0

ksmr

q3

qxjqxsqx0
r

" #
dð~r �~r0Þ : (32)

The matrices Aij and Sij are, respectively, anti-symmetric and symmetric with respect
to interchange of discrete and continuous indices ~r and ~r0; i.e.,

Aijð~r;~r
0
Þ ¼ �Ajið~r

0;~rÞ ; (33)

Sijð~r;~r
0
Þ ¼ Sjið~r

0;~rÞ (34)

provided that discrete indices, i, j, are summed over and ~r; ~r0are considered as
continuous indices whose summation is indicated by the integral in Eq. (13). Thus,
the hydrodynamic set of linearized equations (9)–(12) may be rewritten in the general
form

q
qt

aið~r; tÞ ¼ �

Z
Aijð~r;~r

0
Þajð~r

0; tÞd3r0 �

Z
Sijð~r;~r

0
Þajð~r

0; tÞd3r0 : (35)

Before introducing fluctuating terms into this equation in the following
subsection, we first derive an expression for the time rate of change of the total
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entropy in terms of the variables fa1; aa; a5; amg: The total entropy is given by

SðtÞ 


Z
V

rsd3r ; (36)

where s is the entropy per unit mass. From Eqs. (9)–(12), its time rate of change in
terms of the variables Eqs. (5)–(8) is computed to be

d

dt
SðtÞ ¼

1

T0

Z
a5

A

r0C
k0

ij

q
qxi

q
qx0

j

 !
a5 þ aa

A

r0

n0ajbl

q
qxj

q
qx0

l

� �
ab

(

þam
1

g1r0

d0 ?
ij K0

isml

q2

qxsqx0
l

� �
K0

jmnl

q2

qxmqx0
l

� �� �
an

�
dV : ð37Þ

On the other hand, near equilibrium the entropy has a quadratic representation

SðtÞ ¼ So �
1

2
kB

Z Z
aið~r; tÞEijð~r;~r

0
Þajð~r

0; tÞd3rd3r0 (38)

and the time rate d
dt

SðtÞ can be recasted in the form

d

dt
SðtÞ ¼

1

2
kB

Z Z Z
aið~r; tÞ½Eikð~r;~r

00
ÞSkjð~r

00;~r0Þ

þ Sikð~r;~r
00
ÞEkjð~r

00;~r0Þ þ Eikð~r;~r
00
ÞAkjð~r

00;~r0Þ

� Aikð~r;~r
00
ÞEkjð~r

00;~r0Þ�ajð~r
0; tÞd3rd3r0 d3r00 : ð39Þ

Using Eqs. (23), (29) and equating (35) with (39), we arrive at the following form for
the inverse of the entropy matrix Eij

E�1
ij ð~r;~r0Þ ¼

kBT0

A

1 0 0 0

0 dab 0 0

0 0 1 0

0 0 0 r
0
AðK0

klij
q2

qxkx0
l

Þ
�1

0BBBBB@

1CCCCCA
�dð~r �~r0Þ; i; j ¼ 1; . . . ; 8 ð40Þ

with a;b ¼ 2; 3; 4 and m; n ¼ 6; 7; 8:
We shall now determine the correlation matrix Q

2

: To this end recall that the
stationary property of the underlying stochastic process requires that [3],

2Qijð~r;~r
0
Þ ¼

Z
½Gikð~r;~r

00
ÞE�1

kj ð~r
00;~r0Þ þ E�1

ik ð~r;~r00ÞGy

kjð~r
00;~r0Þ�d3r00 : (41)
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Thus, upon substitution of Eqs. (22), (23) and (29) we arrive at

Qijð~r;~r
0
Þ ¼

kBT0

A

0 0 0 0

0 1
r0
nikjl

q2

qxjqx0
l

0 0

0 0 1
r0C

k0
ij

q2

qxiqx0
j

0

0 0 0 r
0
A 1

g1
d0 ?

ij

0BBBBB@

1CCCCCAdð~r �~r0Þ ; (42)

where again, a;b ¼ 2; 3; 4 and m; n ¼ 6; 7; 8:
2.2. Fluctuation–dissipation relations

The introduction of an additive fluctuating force Fið~r; tÞ into the hydrodynamic
equations Eq. (35) transforms them into a set of stochastic equations of the Langevin
form where ~F is a set of stationary, random Gaussian forces with

h~F ð~r; tÞi ¼ 0 ; (43)

hFið~r; tÞF
y

j ð~r
0; t0Þi ¼ 2Qijð~r;~r

0
Þdðt � t0Þ ; (44)

where the superscript y denotes a Hermitian conjugate. Note, however, that since
Q11 ¼ 0 there can be no fluctuating force added to the continuity equation. Also, all
the elements of the correlation matrix Q

2

contain partial derivatives, except Qmn ¼

ðr
0
T0=g1Þd

0 ?
mn : To eliminate these partial derivatives it is convenient to work with the

random quantities Sabð~r; tÞ; plð~r; tÞ and Umð~r; tÞ; defined in terms of the stochastic
forces by

Fað~r; tÞ 

1

r0A

� �1=2 q
qxb

Sabð~r; tÞ ; (45)

F5ð~r; tÞ 

1

r0T0AC

� �1=2 q
qxl

glð~r; tÞ ; (46)

Fmð~r; tÞ 
 ðr0Þ
1=2Umð~r; tÞ : (47)

Substitution of Eq. (42) into Eq. (44) yields

hFað~r; tÞFbð~r
0; t0Þi ¼ 2Qabð~r;~r

0
Þdðt � t0Þ

¼
2kBT0

Ar0

n0abjl

q2

qxjqx0
l

dð~r �~r0Þdðt � t0Þ : ð48Þ

On the other hand, from Eq. (45) it follows that

hFað~r; tÞFbð~r
0; t0Þi ¼

1

r0A

q2

qxgqx0
�

hSagð~r; tÞSb�ð~r
0; t0Þi ; (49)
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so that equating Eqs. (48) and (49) gives

hSajð~r; tÞSblð~r
0; t0Þi ¼ 2kBT0n0abjldð~r �~r0Þdðt � t0Þ : (50)

Similarly, substitution of Q55 from Eq. (42) into Eq. (44) leads to

hF5ð~r; tÞF5ð~r
0; t0Þi ¼ 2Q55dð~r �~r0Þdðt � t0Þ

¼
2kBT0

A

1

r0C
k0

ij

q2

qxiqx0
j

dð~r �~r0Þdðt � t0Þ ð51Þ

while Eq. (46) implies

hF5ð~r; tÞF5ð~r
0; t0Þi ¼

1

r0T0AC

� �
q2

qxiqx0
j

hgið~r; tÞgjð~r
0; t0Þi : (52)

Thus, comparison of Eqs. (51) and (52) gives

hgið~r; tÞgjð~r
0; t0Þi ¼ 2kBT2

0k
0
ijdð~r �~r0Þdðt � t0Þ : (53)

In a similar fashion we arrive at

hUmð~r; tÞUnð~r
0; t0Þi ¼ 2kBT0

1

g1
d0 ?
mn dð~r �~r0Þdðt � t0Þ : (54)

Eqs. (50), (53) and (54) relate the stochastic quantities Sajð~r; tÞ; gið~r; tÞ; Umð~r; tÞ with
the dissipative quantities n0abjl ; k

0
ij ;

1
g1
d0 ?
mn ; and are, therefore, the fluctuation–dissipa-

tion relations for a thermotropic nematic.
Thus, the introduction of a fluctuating force Fið~r; tÞ which are random forces

described by a white Gaussian processes with zero mean hF ið~r; tÞi ¼ 0 and
autocorrelations given by Eqs. (48), (51) and (52), yields the following hydrodynamic
set of linearized stochastic nematodynamic equations for a thermotropic nematic:

q
qt

aið~r; tÞ ¼ �

Z
Sijð~r;~r

0
Þajð~r

0; tÞd3r0 �

Z
Aijð~r;~r

0
Þajð~r

0; tÞd3r0

þ Fið~r; tÞ : ð55Þ

This form is identical to that obtained by Fox and Uhlenbeck showing that, as
expected, the general theory by Fox and Uhlenbeck also describes the dynamics of
thermal fluctuations of a thermotropic nematic liquid crystal. However, although
expected, the explicit derivation of this result is certainly not a trivial exercise.

Furthermore, from the theory of Gaussian stochastic processes it is also possible
to give the explicit form of the Fokker–Planck equation for the conditioned two time
distribution function P2ða0; t0; a; tÞ: This equation is given by Eq. (I.2.39) in Ref. [3]

q
qt

P2ð~a; t;~a0Þ ¼
q
qai

ðGijajP2Þ þ
1

2

q
qai

Qij

q
qaj

P2

� �
(56)

with the initial condition

P2ð~a; t; ~a0Þ ¼ dð~a �~a0Þ : (57)
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Clearly, for the present model from Eqs. (14)–(21) and (42), the Fokker–Planck
equation is completely determined.
3. Transverse correlation functions

Due to the complexity of Eqs. (55) and for the purpose of calculating the
correlation functions explicitly, from now on we restrict our analysis to the
transverse hydrodynamic variables fa2ð~r; tÞ; a6ð~r; tÞg: The Fourier transform of an
arbitrary field Að~r; tÞ is defined by

eAð~k;oÞ 

Z 1

�1

Að~r; tÞe�ið~k�~r�otÞ d~rdt (58)

with

Að~r; tÞ ¼
1

ð2pÞ4

Z 1

�1

eAð~k;oÞeið~k�~r�otÞ d~k do : (59)

Following Ref. [31], we know that those terms in the equations of motion for
a2ð~r; tÞ 


r0

A

� �1=2dvxð~r; tÞ and a6ð~r; tÞ 
 r1=2
0 dnxð~r; tÞ that are proportional to z and z2

will not contribute to the correlation functions up to first order in the external
gradient. Thus, neglecting these terms in the equations of motion (10) and (12), in
Fourier space they may be rewritten in matrix form aseL11

eL12eL21
eL22

" # ea2ð
~k;oÞea6ð
~k;oÞ

" #
¼

ef 2ð
~k;oÞef 6ð
~k;oÞ

" #
(60)

with

eL11ð
~k;oÞ ¼

A

r0

� �1=2

ð�ioþ D11 þ igb1kyÞ ; (61)

eL12ð
~k;oÞ ¼ �ir�1=2

0 D12 ; (62)

eL21ð
~k;oÞ ¼ �i

A

r0

� �1=2

D21 ; (63)

eL22ð
~k;oÞ ¼ r�1=2

0 ð�ioþ D22 þ igb1kyÞ ; (64)

ef 2ð
~k;oÞ ¼ �

i

r0

kn
eSxnð

~k;oÞ; n ¼ y; z ; (65)

ef 6ð
~k;oÞ ¼ �eUxð

~k;oÞ (66)

and where the following abbreviations have been used, D11 

n2k2

yþn3k2
z

r0
;

D12 

lþ1
2r0

ðK2k2
y þ K3k2

zÞkz; D21 

lþ1
2

kz; D22 

K2k2

yþK3k2
z

g1
: The random forces
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autocorrelations hef 2ð
~k;oÞef 2ð

~k0;o0Þi and hef 6ð
~k;oÞef 6ð

~k0;o0Þiare obtained from
Eqs. (50), (54) and (58)

hef 2ð
~k;oÞef 2ð

~k0;o0Þi ¼ �
2kBT0ð2pÞ

4

r2
0

kjk
0
ln

0
xxjldð~k þ ~k0

Þdðoþ o0Þ ; (67)

hef 6ð
~k;oÞef 6ð

~k0;o0Þi ¼
2kBT0ð2pÞ

4

g1
dð~k þ ~k0

Þdðoþ o0Þ : (68)

Here dð~k þ ~k0
Þ and dðoþ o0Þ denote the corresponding Dirac’s delta functions.

The matrix L
2

may be simplified by noting that for a typical thermotropic nematic
the material parameters have the values n2 � n3 � g1 � 10�1 poise; r0 � 1 g=cm3;
K2 � K3 � 10�7 dyn; l � 1 [43], so that the following inequalities hold:

D22

D11
�

Kr
n2

51 ; (69)

D12D21

D2
11

�
Kr
n2

� �2

51 : (70)

Using these results the inverse matrix

N
2
ð~k;oÞ 
 L

2�1

ð~k;oÞ ¼
1

det L
2

eL22 �eL12

�eL21
eL11

" #
(71)

may be simplified as will be shown below. To this end first note that it can be shown
that

eD 

r0ffiffiffiffi

A
p det L

2
¼ ðioþ o1Þðioþ o2Þ ; (72)

where o1 and o2 are the two transverse modes. The solution of det L
2

¼ 0 leads to
the explicit forms of the equilibrium and nonequilibrium parts of these modes

o1 
 oeq
1 þ oneq

1

¼ �
i

r0

ðn2k2
y þ n3k2

zÞ þ gb1ky ; ð73Þ

where the term linear in g; oneq
1 ; corresponds to the nonequilibrium part of the mode.

Similarly,

o2 ¼ oeq
2 þ oneq

2

¼ � iðK2k2
y þ K3k2

zÞ
1

g1
þ

ðlþ 1Þ2

4

k2
z

n2k2
y þ n3k2

z

" #
þ gb1ky ; ð74Þ

where oneq
2 
 gb1ky: The mode o1 � � ink2

r is associated with the diffusive shear
velocity ea2ð

~k;oÞ; whereas o2 � � iKk2

n describes the relaxation mode of the transverse



ARTICLE IN PRESS

J.F. Camacho et al. / Physica A 348 (2005) 252–276264
director component. Furthermore, since for a typical thermotropic nematic [43]

o2

o1
¼

D11D22 þ D12D21

ðD11Þ
2

� 10�5
51 (75)

this implies that the relaxation time of the reorientation, ea6ð
~k;oÞ; induced by the flow

is much larger (� 105) than the characteristic time associated with the velocity,ea2ð
~k;oÞ: Thus, o1 represents a fast mode and o2 a slow mode and it is reasonable to

expect that the director profile does not distort immediately when a flow is
superimposed, even in the linear regime considered here.

From Eqs. (69) and (70) it follows that up to first order in the external gradient geD ¼ eDeq
� gb1kyð2o� iD11Þ ; (76)

whereeDeq
¼ ðoeq

1 þ ioÞðoeq
2 þ ioÞ (77)

and then

eD�1
¼ ð eDeq

Þ
�1 1þ g

b1kyeDeq ð2o� iD11Þ

� �
: (78)

Thus, the solution of Eq. (60) reads

ea2ð
~k;oÞ ¼ eaeq

2 ð~k;oÞ þ eaneq
2 ð~k;oÞ (79)

with

eaeq
2 ð~k;oÞ 


1eDeq

r0

A

� �1=2
½ðio� D22Þ

ef 2 � iD12
ef 6� ; (80)

eaneq
2 ð~k;oÞ ¼ g

b1kyeDeq

r0

A

� �1=2
�ief 2 þ

A

r0

� �1=2

ð2o� iD11Þa
eq
2 ð~k;oÞ

" #
(81)

and

ea6ð
~k;oÞ ¼ eaeq

6 ð~k;oÞeq
þ eaneq

6 ð~k;oÞ (82)

with

eaeq
6 ð~k;oÞ 
 �

r1=2
0eDeq ½iD21

ef 2 þ ð�ioþ D11Þ
ef 6� ; (83)

eaneq
6 ð~k;oÞ 
 g

r1=2
0 b1kyeDeq ½ief 6 þ ð2o� iD11Þr

�1=2
0 eaeq

6 � : (84)

The right-hand sides of Eqs. (79) and (82) contain all the information about the
nonequilibrium effects produced by the external pressure gradient through the
presence of the dimensionless parameter g; which measures the degree of departure
from the stationary state.
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From these solutions the equilibrium and nonequilibrium parts of the correlation
matrix for the transverse modes, namely,

w
2
ð~k;oÞ 
 w

2eq
ð~k;oÞ þ w

2neq
ð~k;oÞ ; (85)

can now be calculated explicitly. Using Eqs. (80), (83), the fluctuation–dissipation
relations (50), (53), (54), inequalities (69), (70) and performing a partial fractions
expansion, we arrive at the following expression for the equilibrium part of the
correlation matrix:

eweq
ij ð

~k;oÞ ¼
eweq
11 eweq

12eweq
21 eweq

22

" #
(86)

with

eweq
11ð

~k;oÞ 
 heaeq
2 ð~k;oÞeaeq

2 ð�~k;�oÞi

¼
2ð2pÞ4d4ð0Þ

A
kBT

D11

o2þ j oeq
1 j2

; ð87Þ

eweq
22ð

~k;oÞ 
 heaeq
6 ð~k;oÞeaeq

6 ð�~k;�oÞi

¼
2ð2pÞ4d4ð0Þr0

g1
kBT

1þ a
o2þ j oeq

2 j2
�

a
o2þ j oeq

1 j2

" #
; ð88Þ

eweq
12ð

~k;oÞ 
 heaeq
2 ð~k;oÞeaeq

6 ð�~k;�oÞi

¼
2ð2pÞ4d4ð0Þ

A1=2
kBTo

D21

D11

1

o2þ j oeq
2 j2

�
1

o2þ j oeq
1 j2

" #
; ð89Þ

eweq
21ð

~k;oÞ 
 heaeq
6 ð~k;oÞeaeq

2 ð�~k;�oÞi ¼ eweq
12ð

~k;oÞ ; (90)

where aðjÞ 
 g1ðlþ1Þ2

4
1

n
2
tan2 jþn

3

:

In a similar fashion the nonequilibrium part of the correlation matrix,

ewneq
ij ð~k;oÞ 


ewneq
11 ewneq

12ewneq
21 ewneq

22

" #
(91)

turns out to be

ewneq
11 ð~k;oÞ 
 heaeq

2 ð~k;oÞeaneq
2 ð�~k;�oÞi þ heaneq

2 ð~k;oÞeaeq
2 ð�~k;�oÞi

¼ gb1ky

4ð2pÞ4d4ð0Þ
A

kBT
oD11

o2þ j oeq
1 j2

; ð92Þ
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ewneq
22 ð~k;oÞ 
 heaeq

6 ð~k;oÞeaneq
6 ð�~k;�oÞi þ heaneq

6 ð~k;oÞeaeq
6 ð�~k;�oÞi

¼ gb1ky

4ð2pÞ4d4ð0Þ
g1

r0kBT
4þ 5aþ ð1þ 2aÞD�2

11 o
2

ðo2þ j oeq
1 j2Þ

2

"

�
1þ aþ ð1þ 2aÞD�2

11 o
2

ðo2þ j oeq
2 j2Þ

2

#
; ð93Þ

ewneq
12 ð~k;oÞ 
 heaeq

2 ð~k;oÞeaneq
6 ð�~k;�oÞi þ heaneq

2 ð~k;oÞeaeq
6 ð�~k;�oÞi

¼ gb1ky

4ð2pÞ4d4ð0Þ

A1=2
kBT

1� o2

ðD11Þ
2

ðo2þ j oeq
1 j2Þ

2
þ

o2

ðD11Þ
2 �

D22

D11

� �2

ðo2þ j oeq
2 j2Þ

2

264
375 ; ð94Þ

where

ewneq
21 ð~k;oÞ 
 heaeq

6 ð~k;oÞdeaneq
2 ð�~k;�oÞi þ heaneq

6 ð~k;oÞeaeq
2 ð�~k;�oÞi

¼ ewneq
12 ð~k;oÞ : ð95Þ

In the above equations d4ð0Þ is obtained by evaluating dð~k þ ~k0
Þ and dðoþ o0Þ at

~k ¼ �~k0and o ¼ �o0; respectively.
4. Light scattering

At a large distance R, the scattered electric field Es of a plane wave incident on a
nonmagnetic, nonconducting and nonabsorbent medium with an average electric
permittivity �0; is proportional to the Fourier transform of its dielectric tensor
fluctuations d�if ð

~k; tÞ [44],

Esð~R; tÞ ¼
~k
2

f E0e
ið~kf �~R�oi tÞ

4p�0R
d�if ð

~k; tÞ ; (96)

where oi is the angular frequency of the incident field and the difference between the
wave vectors of the incident and outgoing waves, ~k 
 ~ki �

~kf ; is the scattering
vector. The plane (~ki; ~kf ) is the scattering plane and the angle between ~ki and ~kf is the
(internal) scattering angle y: bi and bf are the initial and final directions of the
polarizations of the incident and scattered light and j is the angle between ~k and the
z axis (see Fig. 1). Note that from Fig. 1 it follows that k ¼ 2ki sinðy=2Þ and j ¼ y=2:
From here on, we shall denote the shifts in frequency by o 
 of � oi; where of is
the frequency of the field at the detector; E0 
 j~E0jis the magnitude of the incident
field and d�if ð

~k; tÞ 
 bi � d �
2
ð~k; tÞ � bf ; where bi identifies a direction perpendicular to the

scattering plane and bf parallel to it.
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The light scattering spectrum, Sð~k;oÞ; is proportional to the spectral density
I if ð

~k;oÞ of the dielectric tensor time autocorrelation function [44,39]

I if ð
~k;oÞ 


1

2p

Z 1

�1

e�iothd�if ð
~k; tÞd��if ð~k; 0Þidt (97)

that is

Sð~k;oÞ ¼
~k
4

f jE0j
2

32p3�20R2

Z 1

�1

e�iothd�if ð
~k; tÞd��if ð~k; 0Þidt ; (98)

where the asterisk denotes complex conjugate.
A nematic liquid crystals is an uniaxial medium and its dielectric tensor is of the

general form

�ab ¼ �?dab þ �ananb ; (99)

where the dielectric anisotropy �a 
 �k � �? is the difference between the dielectric
constants along the director and a direction perpendicular to it. Since for the present
model we have chosen bn0 ¼ ð0; 0; n0zÞ and since we have considered only the
transverse variables, it follows that spectrum Sð~k; tÞ is specified by the orientation
autocorrelation ew22ð~k;oÞ only,

Sð~k;oÞ ¼
~k
4

f jE0j
2

32p3�20R2

Z 1

�1

e�iotha6ð
~k; tÞa�

6ð
~k; 0Þidt : (100)

From Eq. (88) the normalized equilibrium structure factor is the sum of two
Lorentzians,

Seqð~k;oÞ 

heaeq

6 ð~k;oÞeaeq
6 ð�~k;�oÞi

heaeq
6 ð~kÞeaeq

6 ð�~kÞi

¼
2ð2pÞ4d4ð0Þ

g1
kBT0

1þ a
o2þ j oeq

2 j2
�

a
o2þ j oeq

1 j2

" #
: ð101Þ

Moreover, for values of the frequency o sufficiently close to the maximum of the
Lorentzians, using Eqs. (73) and (74), Eq. (101) reduces to

Seqð~k;oÞ 

2ð2pÞ4d4ð0Þ

g1
kBT0

1þ a

o2 þ k4GðjÞ
; (102)

where we have defined G 
 ½
1þaðjÞ

g1
�2ðK2 sin

2 jþ K3 cos
2 jÞ2: Similarly, from Eq. (93)

the normalized nonequilibrium part of Sneqð~k;oÞ may be written in the form

Sneqð~k;oÞ 
 � 2gb1ky

2ð2pÞ4d4ð0Þ
g1

kBT0
oð1þ aÞ

½o2 þ k4GðjÞ�2

¼ � 2gb1kySeqð~k;oÞ
o

o2 þ k4GðjÞ
: ð103Þ
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In compact form the normalized dynamic structure factor may then be written as

S0ðo0Þ 

Sð~k;oÞ

Sð~kÞ



Seqð~k;oÞ þ Sneqð~k;oÞ

Sð~kÞ

¼
1

1þ o2
0

1� j rP j
o0

1þ o2
0

� �
; ð104Þ

where we have introduced the dimensionless frequency o0 
 o=k2G1=2ðjÞ and the
abbreviation

j rP j
 g
2b1 sin j

kG1=2ðjÞ
: (105)

From Eq. (104) it follows that the presence of the external pressure gradient
introduces an asymmetry in the spectrum and the maximum of the structure factor is
displaced with respect to its equilibrium position. To calculate the magnitude of this
shift to lowest order in the external pressure gradient, we set d

deo Sðo0Þ ¼ 0; which

defines the position of the maximum of Sðo0Þ as a function of j rP j : This yields the
cubic equation

o3
0 �

3

2
j rP j o2

0 þ o0 þ
1

2
j rP j¼ 0 (106)

which has two imaginary and one real solutions. The real solution or
0; is plotted as a

function of j rP j in Fig. 2 and it shows that or
0 ¼ � 1

2
j rP j in the range � 0:1: This
Fig. 2. The real solution or
0 plotted as a function of j rP j; (—), in arbitrary units. (- - -) denotes the

straight line or
0 ¼ �

jrPj
2

:
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result quantifies the approximation made above, i.e., in the range or
0 ¼ ½�0:1; 0:1� the

analytic expression (104) is valid.
We shall now analyze quantitatively the effect of the Poiseuille flow on S0ðo0Þ for

MBBA, which has a nematic phase in the range 24–47 �C and which has the
following material parameters: l ¼ 1:03; r0 ¼ 1:029 g=cm3; n2 ¼ 41:6�
10�2 g=ðcm sÞ; n3 ¼ 23:8� 10�2 g=ðcm sÞ; g1 ¼ 76:3� 10�2 g=ðcm sÞ; K2 ¼ 2:2� 10�7

dyn, K3 ¼ 7:45� 10�7 dyn; [35]. To quantify the nonequilibrium effects it is
convenient to define

Dð~k;oÞ 

Sneqð~k;oÞ

Seqð~k;oÞ
¼ �g2b1k sin j

o

o2 þ k4GðjÞ
: (107)

For a fixed value of ~k; the maximum of this quantity occurs for o ¼ � k4GðjÞ or
o0 ¼ �1: The maximum of this quantity in terms of dimensionless quantities reads

D�ðo0Þ 

1

8
j rP j : (108)

It represents the largest nonequilibrium shift on the dynamic structure factor. In a
similar fashion it is convenient to define

C 

S0ðo0 ¼ omax

0 Þ � S
eq
0 ðo0 ¼ 0Þ

S
eq
0 ðo0 ¼ 0Þ

; (109)

which measures the difference of the size of the peaks with respect to equilibrium. If
we take g ¼ 0:25; which corresponds to j rp j¼ 2:64� 10�2 atm=cm; the none-
quilibrium effect on the total dynamic structure factor is shown in Fig. 3. Note that
D�ðo0Þ 
 94:3% and C 
 42:36%; which indicate a large effect for rather realistic
pressure gradients. This result suggests that this effect on the light scattering
spectrum might be observable.
5. Discussion

In summary, we have investigated theoretically the influence of the effects
produced by an external pressure gradient on the light scattering spectrum of a
thermotropic nematic. To clarify and elaborate on some of these results the
following comments may be useful.

It should be emphasized again that the nonequilibrium correction is an odd
function of o that introduces an asymmetry in the shape of the structure factor,
shifting the maximum towards the region of negative values of o: Close to
equilibrium the size of the shift depends on the magnitude of the gradient and we
may say that these effects could be quite large for relatively low values of the applied
real pressure gradient, [32,45]. However, whether these gradients correspond to
stable flows or if convection effects may be ignored, remains to be assessed. To our
knowledge, there are no experimental data available in the literature to compare
with, but their magnitude suggests that they might be experimentally detected. It
should be also mentioned that the model has been constructed so that it corresponds
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Fig. 3. The structure factor S0ðo0Þ for MBBA, as defined by Eq. (104), vs. o0 for g ¼ 0:25: (- - -) denotes
the equilibrium component and (—) represents the total structure factor. ki ¼ 1:14� 105 cm�1 and y ¼ 1�:
According to Eqs. (108) and (109) D�ðo0Þ 
 94:3% and C 
 42:36%:
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to a homodyne experimental arrangement and appropriate to detect the so called
mode 1 of the spectrum [39].

Eqs. (102) and (103) imply that Seqð~k;oÞ � k�4 and Sneqð~k;oÞ � k�7: The
differences in these k dependences as compared, for instance, to the dependence of
the Rayleigh peak for an isotropic fluid, Seqð~k;oÞ � k�2; and with the none-
quilibrium structure factor of the Brillouin spectrum of a simple fluid under a
temperature gradient [24], are related to the nature of the variables involved. For a
simple fluid all the variables are conserved, whereas for the liquid crystal dnx is not a
conserved variable. Actually, for the nematic these dependences on k imply a long-
range contribution to the spectrum [46].

It should be emphasized once more, that the analysis carried out in this work only
included the transverse hydrodynamical variables of a nematic liquid crystal and, as
a result, all thermal and coupling effects with the energy were ignored. A more
complete analysis should include also the longitudinal variables, fdrð~r; tÞ; dsð~r; tÞ;
dvyð~r; tÞ; dvzð~r; tÞ; dnyð~r; tÞg; this is essential to determine the complete hydrodynamic
modes and the Brillouin spectrum [34].

There are other aspects of the model considered and that are worth investigating.
For instance, it is very likely that the calculated correlation functions may develop
long-range contributions in the steady state induced by the applied external pressure
gradient. It is well known that for many models and systems in nonequilibrium states
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it has been shown theoretically that the existence of the so called generic scale
invariance, is the origin of the long range nature of the correlation functions [21–23].
The investigation of these issues are presently under way [46].
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Appendix

The conservation equations of mass, momentum and the relaxation equation for
the director field of a thermotropic nematic liquid crystal read [35,36,41,1],

qtrþ riðrviÞ ¼ 0 ; (110)

qtsþ r � ð~vsÞ þ div js
i ¼

R

T
; (111)

rqtvi þ vjrjvi þrjsij ¼ 0 ; (112)

qtni þ vjrjni þ Y i ¼ 0 : (113)

Here rð~r; tÞ; sð~r; tÞ; við~r; tÞ and nað~r; tÞ denote, respectively, the local mass density, the
entropy density (entropy per unit volume), the hydrodynamic velocity and the
director field. The momentum current sij and the quasi-current Y i are defined as

sij ¼ pdij þ Kijmnrnnmrjnl �
1

2
lkjihk � nijklrlvk (114)

and

Y i ¼ �
1

2
lkjirjvk þ

1

g1
d?ikhk ; (115)

where p is the pressure. js
i denotes the entropy current and R is the dissipation

function, which is positive for irreversible processes and vanishes for reversible ones.
It can be interpreted as the energy per unit time and volume dissipated into the
microscopic degrees of freedom, R=T represents the entropy production of the
nematic. Explicitly [41]

R ¼ �riðj
�D
i � T jsD

i � vjsD
ij Þ � jsD

i riT � sD
ij rjvi þ hid

?
ij Y D

j

¼
1

2g1
hid

?
ij hj þ

1

2
nijklðrjviÞðrlvkÞ þ

1

2
kijðriTÞðrjTÞ ð116Þ

with ri 
 q=qxi and where kij is the thermal conductivity tensor, kij 
 k?dij þ kaninj :
Here dij is the usual Kronecker’s delta and d?ik 
 dik � nink is a projection operator.
ka 
 kk � k? is the anisotropy in the thermal conductivity of the nematic where k?
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and kk denote, respectively, its perpendicular and parallel components with respect
to the director field. The superscript D in Eq. (116) denotes the irreversible part of
the currents. Since R40 for irreversible processes, the coefficients in the above
equation should be positive.

In the above equations the fourth order tensor Kljmn depends on the elastic
constants K1 (splay), K2 (twist) and K3 (bend) and it is defined in terms of the
Levi–Civitta tensor �ijk by

Kljmn ¼ K1d
?
lj d

?
mn þ K2np�pljnq�qmn þ K3njnnd

?
lm : (117)

hk denotes the so-called molecular field defined in terms of the director by

hk ¼ �Kkjnlrjrlnn þ d?kq

q
2qnq

Kpjkl �
q
qnq

Kqjkl

� �
rlnkrjnp ; (118)

the viscous tensor nijkl is

nijkl ¼ n2ðdjldikþdildjkÞ þ 2ðn1 þ n2 � 2n3Þninjnknl

þ ðn3 � n2Þðnjnldik þ njnkdil þ ninkdjl þ ninldjkÞ

þ ðg1 � n2Þdijdkl þ ðg2 � g1 þ n2Þðdijnknl þ dklninjÞ ; ð119Þ

where ni denotes the five nematic viscosity coefficients, n1; n2; n3; g1; g2; of a nematic
in the notation of Harvard [35]. The third-order tensor lkji;

lkji 
 ðl� 1Þd?kjni þ ðlþ 1Þd?kinj (120)

depends on the orientational viscosities through l 
 �g1=g2:
Considering only linear deviations, drð~r; tÞ 
 rð~r; tÞ � r0; dTð~r; tÞ 
 Tð~r; tÞ � T0;

dvið~r; tÞ 
 við~r; tÞ; dnið~r; tÞ 
 nið~r; tÞ � n0i; around the reference state identified by the
subscript 0, using the thermodynamic relations

dp ¼
qp

qr

� �
T

drþ
qp

qT

� �
r
dT ; (121)

ds ¼
qs

qr

� �
T

drþ
qs

qT

� �
r
dT (122)

and taking into account that for small amplitude fluctuations d~n �~n0 ¼ 0; Eqs.
(110)–(113) reduce to

q
qt

drþ r0

q
qxl

dvl ¼ 0 ; (123)

r0

q
qt

dvi þ A
q
qxi

drþ B
q
qxi

dT þ
1

2
l0kjiK

0
ksmr

q3

qxjqxsqxr

dnm

� n0ijkl

q2

qxjqxl

dvk ¼ 0 ; ð124Þ
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r0C
q
qt

dT þ T0B
q
qxl

dvl � k0
sj

q2

qxsqxj

dT ¼ 0 ; (125)

q
qt

dni �
1

2
l0ijk

q
qxj

dvk �
1

g1
d?0

ik K0
kjml

q2

qxjqxl

dnm ¼ 0 (126)

with A 
 ð
qp
qr ÞT ¼ c2T ; B 
 ð

qp
qT

Þr ¼ r0bc2T and C 
 T0

r0
ðqsqT

Þr ¼ cv: cT stands for the
isothermal sound speed, cv is the specific heat at constant volume, b 


�ð1=rÞðqr=qTÞp is the thermal expansion coefficient and kT ¼ ð1=rÞðqr=qpÞT ¼

ðrc2T Þ
�1 is the isothermal compressibility coefficient. d?0

ij 
 dij � n0
i n0

j is the linearized
projection operator; the linearized tensors l0kji; K0

ljkm and n0ijkl ; are given, respectively,
by

l0kji 
 ðl� 1Þðdkjn
0
i � n0

kn0
j n0

i Þ þ ðlþ 1Þðdkin
0
j � n0

kn0
i n0

j Þ ; (127)

K0
ljkm 
 K1ðdljdkm � n0

l n0
j dkm � dljn

0
kn0

m þ n0
l n0

j n0
kn0

mÞ

þ K2�plj�qkmn0
pn0

q þ K3ðn
0
j n0

mdlk � n0
j n0

mn0
l n0

kÞ ; ð128Þ

n0ijkl ¼ n2ðdjldik þ dildjkÞ þ 2ðn1 þ n2 � 2n3Þn0
i n0

j n0
kn0

l

þ ðn3 � n2Þðn0
j n0

l dik þ n0
j n0

kdil þ n0
i n0

kdjl þ n0
i n0

l djkÞ

þ ðn4 � n2Þdijdkl þ ðn5 � n4 þ n2Þðdijn
0
kn0

l þ dkln
0
i n0

j Þ : ð129Þ

Following Landau and Lifshitz [1] we now introduce fluctuating components into
the momentum current, sijð~r; tÞ; the entropy current, js

i ð~r; tÞ; and the relaxation quasi-
current of the orientation of the nematic, Y i: These stochastic components are
denoted, respectively, by rjSijð~r; tÞ; Js

i ð~r; tÞ; Uið~r; tÞ; and are chosen so that they are
zero averaged stochastic processes

hSijð~r; tÞi ¼ hUið~r; tÞi ¼ hJs
i ð~r; tÞi ¼ 0

satisfying fluctuation–dissipation relations of the form [41,32]

hUið~r; tÞUjð~r
0; t0Þi ¼ 2kBT0

1

g1
d0?ij dð~r �~r0Þdðt � t0Þ ; (130)

hJs
i ð~r; tÞJ

s
j ð~r

0; t0Þi ¼ 2kBk0
ijdð~r �~r0Þdðt � t0Þ ; (131)

where kB is Boltzmann’s constant. Furthermore, if gravity effects are negligible, the
linearization process of Eqs. (110)–(113) yields the following complete set of
equations:

1

r0

q
qt

drþ rxdvx þrydvy þ rzdvz ¼ 0 ; (132)
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1

T0

q
qt

dT þ
bc2T
cv

ðrxdvx þrydvy þrzdvzÞ � ½w?ðr
2
x þ r2

yÞ þ wkr
2
z �dT ¼ 0 ;

(133)

r0

q
qt

dvx

¼ �c2Trxdr� r0bc2TrxdT þ ½ðn2 þ n4Þr2
x þ n2r2

y þ n3r2
z �dvx þ n4rxrydvy

þ ðn3 þ n5Þrzrxdvz �
1

2
ðlþ 1ÞðK1r

2
x þ K2r

2
y þ K3r

2
zÞrzdnx

�
1

2
ðlþ 1ÞðK1 � K2Þrzrxrydny ; ð134Þ

r0

q
qt

dvy

¼ �c2Trydr� r0bc2TrydT þ n4ryrxdvx þ ½n2r2
x þ ðn2 þ n4Þr2

y þ n3r2
z �dvy

þ ðn3 þ n5Þrzrydvz �
1

2
ðlþ 1ÞðK1 � K2Þrzrxrydnx

�
1

2
ðlþ 1ÞðK2r

2
x þ K1r

2
y þ K3r

2
zÞrzdny ; ð135Þ

r0

q
qt

dvz ¼ � c2Trzdr� r0bc2TrzdT þ ðn3 þ n5Þrzrxdvx þ ðn3 þ n5Þrzrydvy

þ ½n3ðr2
x þ r2

yÞ þ ð2n1 þ n2 � n4 þ 2n5Þr2
z �dvz

�
1

2
ðl� 1Þ½K1ðr

2
x þr2

yÞ þ K3r
2
z �rxdnx

�
1

2
ðl� 1Þ½K1ðr

2
x þr2

yÞ þ K3r
2
z �rydny ; ð136Þ

q
qt

dnx ¼
1

2
ðl� 1Þrxdvz þ

1

2
ðlþ 1Þrzdvx þ

1

g1
ðK1 � K2Þrxrydny

þ
1

g1
ðK1r

2
x þ K2r

2
y þ K3r

2
zÞdnx ; ð137Þ

q
qt

dny ¼
1

2
ðlþ 1Þrzdvy þ

1

2
ðl� 1Þrydvz þ

1

g1
ðK1 � K2Þrxrydnx

þ
1

g1
ðK2r

2
x þ K1r

2
y þ K3r

2
zÞdny ; ð138Þ

where g2 is an orientational viscosity coefficient; wk 
 kk=rcv and w? 
 k?=rcv are,
respectively, the parallel and perpendicular components of the thermal diffusivity
with respect to the director field; r2

i 
 q2=qx2
i and r2

? 
 r2
x þr2

y:



ARTICLE IN PRESS

J.F. Camacho et al. / Physica A 348 (2005) 252–276 275
References

[1] L.D. Landau, E. Lifshitz, Fluid Dynamics, Pergamon, New York, 1959 (Chapter 17).

[2] R.F. Fox, G.E. Uhlenbeck, Phys. Fluids 3 (1970) 1893;

R.F. Fox, G.E. Uhlenbeck, Phys. Fluids 3 (1970) 2881.

[3] R.F. Fox, Phys. Rep. 48 (1978) 179.

[4] L. Onsager, Phys. Rev. 37 (1931) 405;

L. Onsager, Phys. Rev. 38 (1931) 2265.

[5] L. Onsager, S. Machlup, Phys. Rev. 91 (1953) 1505;

L. Onsager, S. Machlup, Phys. Rev. 91 (1953) 1512.

[6] J. Foch, Phys. Fluids 15 (1977) 224.

[7] C. Cohen, J.W.H. Sutherland, J.M. Deutch, Phys. Chem. Liq. 2 (1971) 213.

[8] T.R. Kirkpatrick, E.G.D. Cohen, J.R. Dorfman, Phys. Rev. Lett. 42 (1979) 862.

[9] D. Ronis, I. Procaccia, I. Oppenheim, Phys. Rev. A 19 (1979) 1324.

[10] I. Procaccia, D. Ronis, I. Oppenheim, Phys. Rev. Lett. 42 (1979) 287.

[11] D. Ronis, S. Putterman, Phys. Rev. A 22 (1980) 733.

[12] A.M.S. Tremblay, E.D. Siggia, M.R. Arai, Phys. Lett. A 76 (1980) 57.

[13] T.R. Kirkpatrick, E.G.D. Cohen, J.R. Dorfman, Phys. Rev. Lett. 44 (1980) 472.

[14] A.-M.S. Tremblay, E.D. Siggia, M.R. Arai, Phys. Rev. A 23 (1981) 1451.

[15] J.M. Rubı́, A.-M.S. Tremblay, Phys. Lett. A 111 (1985) 33.

[16] J.W. Dufty, in: B. Wende (Ed.)., Spectral Lines Shapes, de Gruyter, Berlin, 1981, p. 1143.

[17] L.S. Garcı́a-Colı́n, R.M. Velasco, Phys. Rev. A 26 (1982) 2187.

[18] J.M. Rubı́, in: J. Casas-Vázquez, D. Jou, M. Rubı́ (Eds.)., Recent Developments in Non-

equilibrium Thermodynamics, Lecture Notes in Physics, Vol. 199, Springer, Berlin, 1986,

pp. 23–46.

[19] R. Schmitz, E.G.D. Cohen, Phys. Rev. A 26 (1982) 2602.

[20] J.R. Dorfman, T.R. Kirkpatrick, J.V. Sengers, Annu. Rev. Phys. Chem. 45 (1994) 213.

[21] G. Grinstein, D.H. Lee, S. Sachdev, Phys. Rev. Lett. 64 (1990) 1927.

[22] G. Grinstein, J. Appl. Phys. 69 (1991) 5441.

[23] D. Ronis, I. Procaccia, Phys. Rev. A 26 (1982) 1812.

[24] D. Beysens, Y. Garrabos, G. Zalczer, Phys. Rev. Lett. 45 (1980) 403.
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