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ABSTRACT

The method of Young diagrams for the symmetric groups is reformulated with
special emphasis on the interrelationships among all the different primitive idempo-
tents generated by the Young tableaux. A fundamental connection is found between
the idempotent of an irreducible representation and all the primitive idempotents
generated by the different Young tableaux associated with the irreducible representa-
tion. This result and its associated theorems are used to solve the problem of obtaining
the irreducible characters from the Frobenius compound character formula. The
final procedure is surprisingly simple.

l. INTRODUCTION

Several of the results given in Section 11 are not new and come directly
from Young’s original method. However, they are considerably made
use of in the subsequent sections and are therefore included without
proof. Whenever a result was thought to be new by the author, its proof
was included. The important theorems the theory is able to produce are
Theorems 3.1 and 5.1.

2. THE SYMMETRIC GROUPS AND YOUNG TABLEAUX

In any finite group conjugate elements have the same cycle structure.!

* Presently a Graduate Fellow of The Rockefeller University.
1 For arbitrary finite groups consider the action of an element of the group on the

186
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In the symmetric groups elements with the same cycle structure are con-
jugate. Therefore, in the symmetric groups the classes of elements with
the same cycle structure and the conjugate classes are the same. Using
Greek letters to denote cycle structures, the cycle structure a can be
given explicitly by

a = (I, I, I, ., [9),

where /; >/, --- > I, and the /; are the cycle lengths while the m; are
their multiplicities, or by

a =— (}-1 Py ),2 ’ }.3 5 cery lq),

where A > 4, > A;> -+ = 4, and there are m; A; of length [; for
each value of i. The conjugate classes are to be indexed by the Greek
letter, which corresponds to the cycle structure that determines the
conjugate class. Thus, every element in conjugate class C, has cycle
structure a.

A frame is a two-dimensional rectangular array of boxes used to re-
present a given cycle structure.? The frame representing the cycle struc-
ture a has 4, boxes in its first row, 4, boxes in its second row, and gen-
erally 2; boxes in its j-th row where a = (4;, 45, ..., 4;, ..., A). As an
example, consider the symmetric group of order 18, S;5. The frame re-
presenting the cycle structure a = (4,3,3,2,2,2,1,1) = (41, 32,27, 13)is:

group as a permutation of the elements of the group. The cycle structure of the per-
mutation determined is the cycle structure referred to above.
2 The use of frames and tableaux for the symmetric groups was initiated by Alfred
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Given a cycle structure, a, and its frame, the columns of the frame deter-
mine another cycle structure, §, which is called the dual of « and is de-
noted by a. If

a == (I Ty, L ),
then

a= (I, Iz .., [3),

where p = ¢ and
~ p+l1—t

li= 3% m;

j=1
and

mj = [1)%141' ‘* lp+2-i s

with /,,;, = 0. In the example from S)4 given above it follows that
a = (8%, 6% 34, 1t). This can be verified with the above identities or
directly from the frame for a.

If a frame has a total of m boxes, a tableaux is constructible from the
frame by placing the first m natural numbers in the boxes, one integer
per box. Since this can be done in m! ways, there are m! tableaux con-
structible from each frame. The canonical tableaux is the one constructed
by placing the numbers in increasing order as one goes from left to right
along the first row and then from left to right along the second row and
so on. For the example of a = (4%, 3% 23, 1%) in S, the canonical tab-
leaux is

1 2 3 4
5 6 7

8 9 10

11 12

13 14

15 16

17

18

Young in his brilliant work on the theory of invariants during the early part of this
century.
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For Sy the canonical tableaux constructed from the frame associated
with the cycle structure a is denoted by 7. For g € Sy the operation of g
on 77 is defined by

gT* = Ty,

where 7,° is the tableaux obtained from 7= by performing the permuta-
tion on the entries of 7@ which is dictated by g. In the case of the example
of a = (41, 32,23, 12) in S;5, T° has already been given. Let

ge S be g =(1,9,5,17) (14, 13, 6) (15, 16, 8, 11, 18) (2, 10)
4,12,3,7).

Then it follows that gT* = T,* is given by

17 10 12 7
9 13 3

16 1 2
8 4

14 6

18 15
5

1

It is trivial that
Te = el =Tz°,

where e is the identity element of Sy . In general the tableaux satisfy
Taa = gh—lTha.

Since the order of Sy is N! and there are N! tableaux which can be con-
structed for each frame associated with a cycle structure of Sy, and for g,
h € Sy with g = h, it follows that T,# == T),¢; then the set of all possible
distinct tableaux constructible from a given frame is {g7¢|g € Sy}
The set {gT7=| g € Sy} is also identically {T;,2 | g € Sy}.
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In the following, restrict attention to Sy of arbitrary but fixed order N!
and to an arbitrary but fixed cycle structure a in Sy . Associated withaisa
frame. Constructible from this frame is the set of tableaux, {T,*| g € Sy .

The row content, R, of the i-th row of 7, is defined to be the set of
integers in the i-th row, independent of their order in the row. The con-
tent of the rows of T, C,(T,%), is defined to be the ordered set of row
contents of T,% That is

CAT, = {R,\, RSP ..., R},

wherein the order is respected. Similarly, the content of the columns of
T2, C(T,?), is defined to be the ordered set of column contents, C/, of
T,e. That is

CAT,) = {C,1, CA ..., G

Define H,* by
Hp = {s€ Sy | CAsT,) = CAT4,) = CAT,»)}
and V,* by
Vot = {s€ Sy | ClsT,) = CoTgy) = CATy")}.

H,* is called the horizontal group of T,* and V¢ is called the vertical
group of T2 Define S, by

Spe= X s
scH®,
and A, by
A= X &g,
seVa,
where &, = + | for even s and ¢, = — 1 for odd s5. §,2 is called the

Young symmetrizer of T,* and A,* is called the Young anti-symmetrizer
of T,e. Define E* by
Ej = 8,240

THEOREM 2.1.° Given T2, Hyo, Vo, 8%, Al E# and Tye, Hyé, Ve,
Sha’ Aha’ Eha, then
Tqa = gh~lTha

3 Theorems 2.1, 2.2, and 2.3 are offered without proof since they merely summarize
some of Young’s work.
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H = (gh=)H,*(gh™")~"
Ve = (gh™)V,*(gh=)!
Sy = (gh™ H)Spe(gh™)!
A = (gh™) Ay (gh™) "
E;f = (gh™)E;*(gh™)!

THEOREM 2.2.3 E* is essentially idempotent; that is (E,*)* = A/ E*
where A, is some real number.

CoroLLARY. (1/4,%) E,* is a primitive idempotent of the ring R(Sy).

THEOREM 2.3.3 In the ring R(Sy), the N! minimal ideals generated by
the N! primitive idempotents, (1/1,*) E,* for g € Sy, span a simple two-
sided ideal.

LeMMA 2.1. The A, determined by (E*)* = A E,* are independent of the
subscript g.

Proor: Let g, h e Sy with g % h. By Theorem 2.1

Ef = (gh™HE»(gh™) ™
Therefore,
AaaEya — (Eq“)z
= [(gh ) Ey*(gh™)7']*
= (gh™")(Ex)*(gh™) !
= hH(gh™Ey*(gh™)!
= MOE,®
Therefore, 1, = 4, which proves the lemma.

Since 4,2 is independent of g, it can be denoted more simply by A<
Theorem 2.2 and Lemma 2.1 show that for all g€ Sy, (1/A%) Efis a
primitive idempotent of R(Sy). In the following (1/4?) E, will be denoted
by e,

3. RELATIONSHIPS AMONG THE IDEMPOTENTS

It is a simple fact that ¢ is a primitive idempotent in R(Sy), iff for every
r € R(Sy)
ogro=%"¢a

where &,° is a real number.
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LEMMA 3.1. Given T® and g, h € Sx such that g == h, then e“e," is one
of . (1) essentially a primitive idempotent, (2) nilpotent,* or (3) null.

PROOF: Let e¢ be the primitive idempotent constructible from the
canonical tableaux, 7% By Theorem 2.1 it follows that
e,* = ge'g™! and ey = heh !,
By virtue of the observation which began this section,

ety = ge°gthech™ = &, 1 ,geth™.
Therefore
(eent)? = (Epn)igeh'gerh™!

= (§11)*Epry8eh™
= Epanbngle e,
If &,-1;, = 0 then (3) holds. If &,-,, = O then (2) holds. If &,-:,&,-1,50
then e,%,° is essentially idempotent. For any r € R(Sy)
(egerr(ees) = (Ern)gech rgeth™!
= (Eg-14)"Ep-1,g8e"h™"
= £ p-1rg(egoen®).

Therefore, e %,* is primitive. Thus, for &,1,&,-1, 7= 0, (1) holds.

LEMMA 3.2. Given T* and g, h € Sy such that g = h, either H® N V,*
= {e} where e is the identity element of Sy or H, N V,* contains a
transposition.

Proor. Either H,* N V2 = {e} or H,* N V2 contains some element
s € Sy . Write s as a product of transpositions. Assume that (i, j)is one
of the transpositions in the product. Then from the definitions of H®
and Ve it follows that (i, j) € H,2 and (i, j) € ¥V, This completes the
proof.

LemMa 3.3. Given T* and g, h € Sy such that g = h, if H N V,©
contains a transposition, t, then

Ap7S,* == 0.

¢ Nilpotent, here and throughout, will mean that the square of the nilpotent quan-
tity vanishes.
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ProOF. The proof is omitted.?

CorOLLARY. If Hf N Ve {e} and Hy* N V¢~ {e} then both
e,y and ey’e,” are null.

PrOOF. H,* N V32 £ {e} implies that there exists a transposition,
te Hpe and t € V3% by Lemma 3.2, Therefore, by Lemma 3.3

ehaega — (l/la)2ShGAhaSgaAqa
= 0.
That e, is also null follows from
Hy N Ve {e}
in an identical manner.
Lemma 3.4, If He N Ve £ {e} and Hy N Ve = {e}, then e)e,”
is null and e, e, is nilpotent.

Proor. That e, is null follows from the proof to the corollary to
Lemma 3.3,

(egaeha)?. — egaehaegaeha

I

e, (epte % )en® =
Therefore, e, is nilpotent.
LeMMA 3.5. If Hp N Ve = {e}, then
T, = rTp,
where r = pq withp € H and g€ V,°.

ProOOE. The proof is omitted.’

LemmA 3.6. If He N Ve = {e} and Hy* N V2 = {e}, then there
exists I, k € Sy such that

e,fe,* = £ e)” and e,%,* = 4 ¢,

5 The proof is straightforward and can be found in any treatment of Young’s
method. Also, the proof to Lemma 3.3 is like that to lemma 4.1.
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ProoF. By Lemma 3.5
implies
Ty == paly
where p e H, and g € V,°. However, by Theorem 2.1

Thu — hg*-ngrx’
so that
hg™t = pg.

Again using Lemma 3.5

implies

where g€ H,* and g€ V,* However, Theorem 2.1 gives

Ty = gh Ty = (hg )T
so that
(hg ) =p g

Theorem 2.1 also states that H,* and ¥, are given by

Hyt = (hg™t) 1y (hg™)

and
Vot = (hg )1y (hg ™).
Therefore,
p = (hg=)"'pthg™")
and

q = (hg=)'q(hg™)
for some j € H,* and some § € V,« Thus, hg~! = pq becomes

hg=t = (hg™")7'pqlhg ™),
which implies

hgt=p4q
The two equations, (hg"1) ' = jp ¢ and hg ' == p g, imply

het =g and  (hg) = A
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Moreover, since p and p are in H,* and § and § are in V¢, then

PSp® == §)* = pS)*

and
Aptq = e;4)° and AyG = ez4)"
Therefore
pey = ey = pey”
and

e, = gze)¢ and en’q = ezeps.
. R .
Using ¢, = ¢;! and Theorem 2.1 again,

e,ep* = (hg™1) e, (hg™")e,”

— q=41pﬁlehaq‘~lﬁAleha

Therefore, letting / = §'h,
egaeha - :t ela’

where the sign is given by g;¢; .
Similarly,
epte = ep*(hg™) e, (hg™")
= ep’q 'p ey q !
= Sa&‘geha‘lj’l
= gzezpentpt
= eqsaeﬁ“h .
Therefore, letting k = ph,

epte,” = + e°,

where the sign is given by gz¢; . This completes the proof.

Lemmas 3.6, 3.4, and the corollary to Lemma 3.3 require that, for
e,%ex® to be nilpotent, it is necessary and sufficient that H,* N V,°
# {e} and H,* N V2 = {e}. This permits the following lemma.
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LEMMA 3.7. If e,%e,* is nilpotent, then there exists e;* and e;* with I5g
and k = h such that

eftert = 4 eyle,”
ProoOF: The preceding remark requires that
Hp N Vyes= el
Let s€ H N V)@ with 5 = e. Therefore,
se,t = e and epis™! == g

which implies
e,fe,t = £.5e,%e,4s !

== g.5€,°5 1se, 45
T EyLgCs -
Let / == sg and k = sh. Since s # e, then / 7= g and k £ h and
elaeka — j: egueha’

where the sign 1s given by ¢,.

Lemma 3.8. If e,%e,” is nilpotent, then define Py, and N¢, by®

Pgy = {effer” for I, k € Sy | ef%er® = + e,%,%}

and
Ny, = {e e, for 1, k € Sy|efe;s = — e, e}

If v(X) denotes the number of elements in a set X, then
v(Pg ) = v(Ngp).
PROOF. Suppose e,%;¢ € Pg, . By definition

efe;® = + eg%e,"

8 Strictly speaking, the sets described are meant to be those determined by

Py, = {(, k) € Sy XSy | e%e,* = + e,%,%} elc.

With this in mind, it is convenient to write them as above.
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Lemma 3.2 guarantees that H,° N V,* contains a transposition ¢ since
e,%ey® is nilpotent. The proof to Lemma 3.7 shows that

tefept™ = — e et
However, from above it follows that
tefe ot = tefe,ot™!
= teit~te 411

= egef -
Therefore
egeq = — eytep’,

which implies efjef, € Ng, . Since t/ = ¢/’ and tk = tk' iff /=1 and
k = k', then conjugation by 7 as done above produces a one-to-one
mapping of P, into Ng, . Therefore

v(P2,) < v(Ng ).

Since the same argument may be used to map N ,into Pg ,in a one-to-
one way then
v(Ngn) < v(P§ ),

from which it is concluded that
v(Pg ) = v(Ng ).

LeMMA 3.9. Define X,* and Y, by

X0 = {ee;” for L ke Sy | e, = + e}
and
Y, = {e;%e;” for Lke Sy|efes = — eva}‘

For any pair g, h € Sy it follows that

(X, = v(Xp?)
and
w(Y,%) = v(1).
Proor: By Theorem 2.1

e,* = sep’s?,



198 FOX

where s — gh~'. Suppose e;“e,* € X, By definition

elept = eyt
Therefore
Se{uek'lswl — Sehus—fl
or
o . qe—1 ae—1
Oy = se ;s se s

T C5T €5

Therefore, conjugation by s produces a one-to-one mapping of Xj*
into X% which implies
(X)) < v(X4).

X, is mapped into X,¢ by conjugation with s = hig~" giving
WX = X,

from which it follows that

(X)) = v(Xp).
In an entirely similar way it 1s shown also that

(Y,9) = »(¥)").

THEOREM 3.1, g% = des e, Is essentially idempotent and generates
N
the simple two-sided ideal spanned by the N! e,*s.

Proor. The second half of the theorem follows directly from Theorem
2.3 provided the first half is true.
Consider

(aa)Z — Z Z (,g“eh”‘

geSy heS v

According to Lemmas 3.6, 3.4, and the corollary to Lemma 3.3, three
kind of terms appear in the above sum. The null terms make no contribu-
tion to the sum. For fixed r, s € S, Lemma 3.8 guarantees that the sum
of all nilpotent terms equal to -+ e,%,“ is zero. Therefore, the sum of all
nilpotent terms in (¢%)? is zero. This leaves only idempotent terms. There-
fore, (a%)®> may be written as

(au):.’, - E mgaegu
geS
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where the w,*’s are positive or negative integers. By Lemma 3.9 o, is
seen to be given explicitly by

oyt = v(X,2) — w(Y,%).

However, Lemma 3.9 showed that this expression is independent of the
subscript g. Therefore, for any pair g, h € Sy

w8 = wp* = %

This gives

(aa)Z — ¢ E egrx = %,
gESN

which proves that ¢ is essentially idempotent.

LemMa 3.10. w*# 0.

PROOF: w® = wy* = »(X;2) — »(Y,*) for any g€ Sy . We shall show
that X2 is always larger than Y °. It was shown by Lemma 3.6 that if
efer® = Ae,® where A = -+ 1 then e %;* = Ae,® for some s Note that
A is either + 1 in both cases or — 1 in both cases. From o r ¢ = §,% it
follows that e;%;%,* = &le;* and e e, = Efe”. From above,

l — £ «
Ek elaeka = & Z'eg{

e, = (le,® Ae“:e“e‘“e“eiﬂz{ ) .
g ( g)( y) LERCLCk Ez"ez“ek“:&’”leg“

Therefore, £ = 1 = &FA, &)} = A = EF, ejfe,%e;® = dej®, and e, % e,
= Ae;2. Note again that 4 = 4 1, but that, once 1 is determined by
efe,® = Ae,o, it is fixed for all other relations derived. Taking products
of ¢, and e,* gives

efe;2 = (le,*) (lep®) = eferefe)® = efe e, = Aep®
and by a similar argument e,’,® = Ae;®. In summary, e%e;¢ = Ae,®
implies:
exe;t = Aeyt
efe;t = lep
eyle,t = dey®

re,” = efer® = lejteye,t = efeylejte,t = Aejte,f.
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Therefore, e,%,* = e,°. Similarly, e e, = e,%. The power of this result
is that for

[=g==k, ejlet = et

l==g£k, efet == elert = eyt

[ #£g =k, e = ee,* = + eyt

|+ g Fk, ee, = + e, and  efet = + e {e%f = + e,%).

This list shows that for e;%¢,“ € Y,* it is necessary that /s~ g~k in
order to give e;%e,® = — ¢,° But, even if this is the case, associated
with e,%; are two members of X%, namely, e;%,* = + ¢,* and e¢,%;*
= + e,¢ Therefore, with each distinct member of Y,* we can associate
two distinct members of X ¢ That X, is not empty follows from the
[ = g = k case. Therefore, X, is always larger than Y,°.

The idempotent (1/w?) a® will be denoted by P

The results found in the remaining part of this section will refer to
idempotents generated by two distinct cycle structures a and f. These
results make use of a linear order defined on the set of cycle structures
in the following way. Let

a = (49 A% oy Ap%)
where 1,4 > 4,9 > +-- > A,% and let
ﬂ = (}“lp)’ A2ﬂ’ Tees ﬂqﬂ)

where 14> 27 .- > A7 If A — A7 =0 for all / and p = g then
a @ f. If the first non-zero difference 2, — 4,/ for i = 1, 2, ... is negative
then a @ B.

LemMA 3.11. If a @ B then

ea“ehﬂ =
Sfor all g, he Sy .

ProOF: The proof is omitted.®

COROLLARY. If a @ f then e;Pe s is nilpotent for all g, h€ Sy .

PROOF: (e)%¢,%) = e,”(e,"¢;")e,* = 0
by Lemma 3.11.
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Young showed that for a @ f there exists a transposition
te Hif N Vo

It is this fact that is responsible for Lemma 3.11 and its corollary.
Moreover, it permits generalization of Lemmas 3.7 and 3.8 to the case
of two cycle structures. The proofs to the generalizations are almost
identical with those to Lemmas 3.7 and 3.8 Therefore, it follows that

LEMMA 3.12. If a & B there exists I, k € Sy such that
eife)” = + e)fe,”
for each pair g, he Sy .

Proor: The proof follows directly from that to Lemma 3.7 .

Lemma 3.13. If a @ B define PSs and N% by

Pla= {efeir for Lke Sy|efe = + efe,s)
and
Nba = {efer  for I, ke Sylefe = — eyfe, ),
then
v(PRg) = v(Np).

ProOOF: Because a transposition t € H,® N V@ exists, the proof to
Lemma 3.8 carries over to this lemma with no essential changes.

Lemmas 3.12 and 3.13 permit the following important theorem which
along with Theorem 3.1 forms the foundation to this entire theory.

THEOREM 3.2. If a @ B, then
Peps =0 and PApa = (.
Proor: By Lemma 3.10.

Z e, 2 eh‘? = Z Z egaehﬂ

=Sy heSp geSy  heSy

== 0.
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Therefore, PP’ == 0. Going the other way

=Sy hes 5 g:=8y hes

The right-hand side of the above expression contains only nilpotent
terms according to the coroliary to Lemma 3.11. However, Lemma 3.13
shows that they all must add up to zero. The proof of this remark mir-
rors that used in the proof to Theorem 3.1 to eliminate the nilpotent
terms. Therefore, PP = 0 also. This completes the proof.

There are as many P?’s as there are conjugate classes in S, . Theorems
3.1 and 3.2 show that the P%s are mutually orthogonal idempotents
of simple two-sided ideals in R(Sy). The P%s generate the irreducible
inequivalent characters of Sy .

4., MORE RELATIONSHIPS

In the following, the discussion will be restricted to arbitrary but fixed
cycle structure, a. Presently, P¢is given by

Lemma 4.1, For g 7 h either
Sped =0
or there exists [ € Sy such that
Sped® = S,04,%

ProoF: Either H,* N V254 {e} or HE N Ve = {e}. If He N Ve
# {e} then Lemma 3.2 guarantees the existence of a transposition
te Hye N V,2 Therefore

St == S and 14,4 = — A4,
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from which it follows that
StApe = StA,°
= — §;24,;% = 0.
If H* N Ve = {e}, then Lemma 3.5 guarantees that
Ty = pqT~,
where p ¢ H,* and g € V2. However,
pq = pqp~’p.
Let § = pgp~!. Therefore,
T, = gpT,~.
Young showed that under these circumstances §e V,°. Therefore,
q Ty = pTo,

where 471 € V% and p € H,*. Denote §7'T,*(= pT,*) by T}
Therefore, by Theorem 2.1

Vie= Vo and Hpe = Hp
This implies
A = Ap¢ and S = 8,9
which gives
SieA e = S4A,0

LEMMA 4.2. Define M,* by
Mga - {SlaAka for ke Sy | Siedys = SaaAva}'

For any pair g, he Sy
(M) = v(M)°).

ProoF: By Theorem 2.1
€4 = 5e,°57,
where s = gh~1. Therefore,

SA, = sSyedyes.
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Suppose that S;#4,.2 e M,*. Therefore,
S12A4 = 85,04,
from which it follows that
sSpeAyast = 55,24,4571
== 88,554,951

a a
si‘lsk -
Therefore,

Stgy = 5,4,

which implies SgAg € M~ However, since conjugation by s produces a
one-to-one mapping of M,* into M2, then

(M) < v(M2).
The inverse inequality is obtained similarly, giving
(M) = (M),
from which the conclusion of the lemma follows
V(M) = v(My2).
THEOREM 4.1. (ZGESN S, (stsN Ayt — e EgésN S,2A0, where 2t
is some real number.

PROOF: (ZgESN Sy, (Z,,GSN Ay) = Zyesﬁ, E,ZESN S, Ay, Each term
of the right hand sum is either zero or equal to §,24;“ for some /€ Sy
according to Lemma 4.1. Therefore,

(257 (Z A0 = X 05, A,

9eSy heS geSy

where the 7,%’s are integers. From Lemma 4.2 it is seen that n,* is expli-
citly given by »(M,*). Since v(M,*) is independent of g, then

9 a — o
ng* =N

for all g € Sy where 7 is some integer. Therefore,

( Z S”u) ( Z Aha) = 77& 2 Sg“Aga-

geSy hes y geSy



A NEW METHOD FOR CALCULATING THE SYMMETRIC GROUPS 205

Theorem 4.1 permits rewriting P¢ as

Pr = (o) (X S (X A4,9).

geSN heSy
S,* was defined in Section 2 by
St=25.
seH %,

Since H,* is determined by a tableaux constructible from a frame asso-
ciated with the cycle structure o, then the cycle structure of any element
of H,is either a or a refinement of a. The partial order, <, on the set of
cycle structures is defined by: § < aiff § is a refinement of a. Therefore,
for any s € H,%, the cycle structure of s, f, satisfies f < a.

Given a conjugate class of Sy, C;z, with § < a, only some of the ele-
ments of Cj are necessarily contained in a given H,* for g € Sy . Other
elements of C; may be found in other H,*s with h € Sy . H® is defined
to be the set obtained by taking together all the elements of each H
for g € Sy with the proviso that, if an element s € Sy is contained in m
of the H ®’s, then it is contained in H® m times. Therefore

2SA=2 Xs= 2=

9eSy geSy sell sel®

Let mf,“ denote the number of times the element g€ C; for < a is
contained in H=.

LEMMA 4.3. For g, he Cy with g =% h
mba — mhe.
PROOF: g is contained in mJ* different H, s for s € Sy . Denote the
H s which contain g by
H, Hg, , .. H,
where p = mfe. Since g, h € Cj, there exists s € Sy such that
h=sgsL
Therefore, by conjugation, ge Hg for i=1,2,...,p= mbe implies

sgs™' = he sHgs™ = Hg,,,
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from which it can be concluded that
AR T
A similar argument in reverse order gives
mie < mia,
from which the lemma follows:
m'}“ == m’,’l”.
From Lemma 4.3 it is seen that H* contains the entire conjugate class
Cg for f# < a mP< times. Theorem 2.1 can be used to show that the num-
ber of elements of Cj for # < a in H,* is independent of g. This number

is denoted by N(a, B). (The number of elements in C; is denoted by m; .)
He is comprised of elements from N! H,*s. Therefore,

NIN(a, p)
my )

mPe =

Define V¢ as the set obtained by taking together all the elements of
each V@ for g € Sy with the proviso that if an element s € Sy is con-
tained in 7 of the Vs, then it is contained in ¥ /7 times. Therefore,

N Af= XN X oes =X

€Sy geSy sc Vag P e

Let /f¢ denote the number of times the element g e C; for § < @ is
contained in V= Lemma 4.3 trivially generalizes to this case also and gives

Fi8a — 3P
mde = e

for g, he C; with g 5= h. Therefore, V¢ contains the entire conjugate
class Cj for f << @ m°* times. Theorem 2.1 also implies that the number
of elements of C, for # < @ in V,* is independent of g. This number is
denoted by N(a, ). Since there are N! V,%’s these remarks guarantee

NIN(@G, B)
omy

v =

LemMA 4.4,
N!
% S0 = 22X — N(a B

9eSy g<a Mg
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and
N!
Z Aya — Z

geS pza Mg

N((-i, ﬂ')eﬂ;cﬁ, .

where Cg denotes the ring element obtained from the conjugate class Cg
by adding all its elements together and &g is plus one if ' is even and minus
one if f' is odd.

Proor: The remarks of the preceding paragraphs give

XSt = s =X mhCy

geSy seH? B<a

N!
= ﬂzé]a %‘ N(a, B)C;

and
2 Af= Z,,Ess = X m%uCy

geSy se¥V p'za

N
== Z — N(a, ﬂ )EﬂlCﬁl .
Bl 4@ mﬂ,

Define S* and A® by
Se= 3 S and Ae= ¥ A/

geSy geSy
Therefore, P* has been shown to equal

Pa = (nawa}’a)—ISaAa‘

THEOREM 4.2. PS¢ =0 if o’ © a.

PROOF. P = (% w?'A¢')~1§¢' 4. Therefore, P¥'S* = (¥ w* 1*")2 §¢
(EGESN Sa') (ZheSN S%). In the discussion following Lemma 3. 11 it was
shown that for o' @ a there exists a transposition te Hy* N Vg for
each pair of g and h. Therefore, A3'S,* = 0 for all g and h. Therefore,
PYSe = 0,

5. THE FUNDAMENTAL THEOREM

Frobenius defined the compound characters of the symmetric groups by

N! N(a, o)
h,  m,

D4C,) =
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a and o both label cycle structures and conjugate classes since the two
are isomorphic for the symmetric groups.” N! is the order of the sym-
metric group Sy . C, is the conjugate class associated with cycle structure
o. ®*(C,) means the a-th compound character evaluated on any element
of C,. Write a as a = (4, 4,, ... A;) where 4, > 2, > --- > 4;. Then
hy= 4120 -+ 21, m, is the number of elements of Sy contained in
the conjugate class C,. Given a == (4,,..., ;) where 2, > ... > 4;,
consider G, = S; X S, X --- X §; where S; is the symmetric group
on 4; elements. N(a, ) counts how many elements of conjugate class
C, < Sy are contained in G, . A necessary and sufficient condition
for N(a, o) == 0 is that the cycle structure o is a refinement of the cycle
structure a. The cycle structure o can also be written as o == (/1 [}z,
.oy If%) where /; >/, > .- > [, and the m;’s are the multiplicities of
the /;'s. Writing o in this way and writing @ as a = (3;, s, ..., 4})
permits writing the explicit formula for N(a, o) as

;!

LA e
Ma,0) = 3 [ 5—"

myp 1 ”
i 1—[ [}m“ 'nij!
i

where X7 mj; = m; and X4 mjl; = 1; .5 With all these definitions and
formulae the compound characters
N'  N(a, 0)_

PC) = h m

may be computed readily.
Since the ®%(C,)’s are compound characters they may be written as
an expansion in terms of the irreducible characters

D4(C,) = ) asiy”(C,),

where y¢'(C,) denotes the a'-th irreducible character evaluated on class
C, and where the sum is taken over all cycle structures «’. The a%’s are
integers. The orthogonality relations for the irreducible characters give

[ ’
@ = p Z m PC (€.

? These defining remarks for @3(C,) may be found in [I] and [2].
8 The o’s and f’s over & andI1 symbols indicate the cycle structures to which the
arguments of % and Il refer.
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Using the definition of @%(C,) the above expression becomes

1
as, =

5= o 2 N, (G,

On the set of cycle structures of Sy a linear order and a partial order
were defined in Sections IIT and 1V. Using these definitions we have the
following fundamental theorem.

THEOREM 5.1. X, _, N(a, 0)y*(C,) =0  if ¢’ D a.

Proor: Consider the group ring R(Sy) generated by Sy . Define the
ring element C; by

C/i == Z g
geCp

where the sum is taken over all elements of conjugate class C;. It is
well known [3] that

Po =

1
“(e) $ 14Cy)C
N!X()%X(ﬁ)ﬁ

where P¢ is the idempotent of R(Sy) which generates the simple two-
sided ideal of R(Sy), which corresponds with the a-th irreducible re-
presentation of Sy . The formula may be inverted to give

e y5(C,)m, P,
o xole) #(Calm;

In Section 1V the quantity

N!
§t= 3% — N(a, ))C;
B<a Mmg

is shown to satisfy
PrSe =0 if o © a.
Using the inversion formula above, S* may be written as
S =N T - N, Hr(Cy)P
[ a, G, o,
o B<£a la(e) x 7

The idempotents, P, satisfy PP’ == Pa§
necker delta. Therefore,

where d,, is the Kro-

a,a’ 3
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N
PYSe =¥~ ¥ N(a, f)g°(C,) PP
> ez, Ve
M s Mappcpp
o S Na fge(CPe.
oz NG

However, for o' © a, P¥S* = 0 implies that

¥ N, Az<(C) ~0  if d ©a

p<n

Since N(a, 6) = 0 unless ¢ << o then the expression

o J—
aa/‘—

2 M a)x“(C,)

can be rewritten as

L
ag = X Na, 0)y*(C,).

hﬂ gL

The fundamental theorem shows that
as, = if d @ a.

If there are k conjugate classes, number them with the first & natural
numbers such that if # © a then j; < j, where j; and j, are the natural
numbers used to number the classes. This can be done uniquely since
& is a linear order on a finite set. The fundamental theorem gives

PF = gkt

k-1 _ ph1.k k-1, k-1
O = af~yh + afiy

D =gyt fap oyt - at R A a )

At each successive stage one more irreducible character is introduced.
The terms a7 can be shown to be non-zero so that each stage does
indeed introduce another irreducible character.

THEOREM 5.2. a7 £ 0 for all j.

Proor: If a7 = 0 then P/S/ = 0 must follow. However, since P/P/ = P’
and P/ = (wid?) 1S/ 4%, then PP/ = (1w’ 37)-*PIS'47. Therefore, PISI
cannot equal zero. Therefore, a7 = 0.
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6. How 10 CALCULATE THE IRREDUCIBLE CHARACTERS

The triangular dependence shown above coupled with the orthogona-
lity relations of the irreducible characters permits a trivial inversion
process. The process is one of stage-by-stage elimination involving only
addition and multiplication of numbers.

Notice that a; is given by

1 .
ajl = —N? E m, ¢[(Cg)x](cc)‘

Therefore,

Jr & mPHCHPHC,) = @b

o}

from which a;* is determined. y* is then given by (1/a;*)®*. Since x*
is known

dt= o 5 mBHC)HC)

can be computed. This gives y*~! by
ikl = @h-1 — gh-lyk

The coefficient af-} is computed in the same way as a;*. In general ¥,
2%, ... and y*1 will have been determined and they will give af -
by

iy e »
afdt = = B mDHNC)p(C)
(22
fori =0, 1,2, .., j. From these coefficients y*~7-1 is given by
;
i1 k—j—1 _ —j-1 _ k—j—1 ak—1.
afiTyF i = Ok Zafd
2=|
afI71 is determined in the same way as a;*.

Since this inversion process is automatic the problem of obtaining
the ¥* is only as difficult as writing down the @*’s, which is not difficult.

7. PROBLEM

A further understanding of the significance of the Frobenius compound
character formula would be gained if one understood the meaning of
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the a2 in some more basic manner. In particular, some purely combina-
torial mechanism may be operative in determining the values of the a7, .
This is strongly suggested by the values one obtains for S, . S,, S;, S,
and S5 . For S5 which has 7 conjugate classes the a2 table is:

[ 0 0 0 0 0 0
I 1 0 o0 0 0 0
I 1 1 0o 0 0 0
at I 2 1 1 0 0 0
f 2 2 1 1 0 0
I3 3 3 2 1 0
1 4 5 6 5 4 |

Note that the first five rows are precisely the first five rows of the parti-
tion number table. The last row is easily intepreted as the dimensiona-
lities of the irreducible representations of S;. An interpretation for the
sixth row is presently lacking. What can be said of the a2 table for Sy
in general?
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