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Construction of the Jordan basis for the Baker map

Ronald F. Fox
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332-0430

(Received 14 August 1996; accepted for publication 8 March 1997

The Jordan canonical form basis states for an invertible chaotic map, the Baker map, are
constructed. A straightforwardly obtained recursion formula is presented for construction of the
Jordan states and of the spectral decomposition of the Frobenius—Perron evolution operator.
Comparison of this method with earlier, subdynamics techniques demonstrates that it is much more
direct and simpler. The physical significance of the Jordan states is approached from the point of
view of an entropy evolution equation. The method is also applied to the Bernoulli map, yielding its
eigenstates more straightforwardly than done previously.1997 American Institute of Physics.
[S1054-150(07)00902-9

A reconciliation between the time reversal invariance of et al?®?® and of Antoniou and Tasakf, which in turn is

microscopic dynamics and macroscopic irreversibility  related to the fundamental work of Gaspdtd:As in all of

has attracted interest for many years. A fresh perspective the earlier work, the Frobenius—Perrf-P operator asso-
has been developed recently within the context of discrete ciated with an iterated map is the focus of our studies. Its
chaotic maps. These dynamical systems permit detailed Jordan state basis and its spectral decomposition are of cen-
analysis in which all necessary mathematical objects can tral interest. In this paper, a remarkably straightforward re-
be explicitly constructed. This constructibility is espe- cursion method is presented that permits construction of the
cially important in this context because the evolution op- Jordan basis as well as the spectral decomposition of the F—P
erator for these chaotic maps is not self-adjoint, which  operator. The simplest paradigms for these constructions are
means it does not have simple eigenstates and eigenval- the Bernoulli map and the Baker maf® The Baker map is
ues. Instead, a more complicated Jordan basis must be a two-dimensional, measure preserving, invertible chaotic
constructed that contains both right-sided and left-sided map. It is a discrete analogue of a continuous in time dy-
states. A spectral decomposition of the evolution operator namical system.

is the desired goal because it lays bare the connection Dynamically, the Baker map is unstable in one degree of
between spectral properties and irreversibility. In this  freedom and stable in the other. When integration over the
paper, the Baker map is studied. This two-dimensional stable degree of freedom is performed, the contracted de-
chaotic map is one of the simplest, invertible discrete scription is precisely that for the Bernoulli map, at least from
analogues to a reversible continuous dynamical system. the perspective of the F—P equatfbri.The eigenfunctions
Previous work on this type of map has involved quite for the Bernoulli F-P operator are the Bernoulli
complicated and lengthy analysis utilizing resolvent op- polynomials>>® Because the F—P operator is not self-
erator algebra. Here, the method of construction of the adjoint, these eigenfunctions are right-sided only, and a dif-
Jordan states for the Baker map is much simpler than ferent class of functions makes up the left-sided
the previous ones. eigenfunctiong. These left-sided eigenfunctions have been
constructed for the Bernoulli m&B2° Here, we present an
alternative treatment, adumbrated in a paper by Gaspard.

I. INTRODUCTION doing so, we are able to shorten considerably the construc-

tion of these eigenfunctions as compared with the subdynam-
An intrinsic basis for the reconciliation between the timeics method used in Ref. 2.

reversal invariance of conservative Hamiltonian dynamics  As will be emphasized below, the left-sided eigenfunc-
and irreversible macroscopic observations has been the sutiens are meaningful only in a formal serfs&€he adjoint of

ject of research for some tint.A possible resolution has the F—P operator is called the Koopméf) operator* so
been proposed recentfy'® and constructively developd that the left-sided eigenfunctions of the F—P operator are
within the context of chaotic iterated maps. This work has itsright-sided eigenfunctions of the K operator. Inwe ob-
foundation in earlier work on Pollicott—Ruelle resonances inserved that the K operator for the Bernoulli map is identical
axiomA systems. The reconciliation has its roots in the with the F—P operator for a certain iterated function system
differences between the behavior of pointwise, trajectory so¢IFS).>° Thus, the eigenfunctions for the IFS F—P operator,
lutions and smooth, extended density solutibge recently  missing inl, now can be explicitly exhibited. These eigen-
explored this difference from the perspective of the instabilfunctions together with the eigenfunctions for the Bernoulli
ity of trajectory solutions for chaotic mapsThis earlier pa- F—P operator enable us to construct Jordan states for the
per is referred to a$ in the following presentation. In the Baker F—P operator. This enables us to obtain the spectral
present paper, we answer several questions left operaimd  decomposition for the Baker F—P operator in a very straight-
raise others. Our work follows closely the lead of Hasegawdorward fashion. The fundamental recursion formula, Eg.
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Ronald F. Fox: Construction of Jordan basis 255

(60), is an alternative to the recursion formulas of the sub- 1
dynamics constructiorfs. PuF(x)= fo dy s(x—=M(y)f(y)
The spectrum for the Bernoulli F—P operator, which is
identical to the spectrum for the IFS F—P operator, is nonde-
generate. Consequently, the Jordan canonical form is purely
diagonal and the Jordan basis is comprised of genuine
eigenstates® However, in the case of the Baker F—P opera-in which {M ~%(x)} denotes the set of inverse imagesxof
tor, the spectrum is degenerate, matrix representations agsndM’ is the derivative oM. HereP), is the F—P operator
nontrivially nondiagonalizable, and eigenstates are no longeand f(x) is an arbitrary function. For the Bernoulli mag;?
possible (except for one state in each degenerate Jordan
block). In this case, a nontrivial Jordan basis must be con- M(x)=Dg(x)=2x MOD 1, )
structed instead, in order to obtain a canonical form. Degenand the F—P equation?$®
eracyper seis not sufficient to require the nontrivial Jordan
basis, and this means that the Baker map is different from a
genuinely Hamiltonian system for which degeneracy does
not necessitate a nontrivial Jordan basis.
In 1, the iterated map evolution of periodic Gaussian
densities was studied. For the Bernoulli F—P equation, it was 1
shown that the limit of vanishing standard deviations and the =~ PeBm(X) = 5 Bm(X), ()
limit of long-time evolution do not commute. This feature of
the dynamics demonstrates the intrinsic instability of point-in which B, is a Bernoulli polynomial. A derivation of this
wise, trajectory solutions for chaotic maps. For the IFS F—Result appears in Refs. 2 and 5, and a concise review of the
equation (Bernoulli K equatiof, these limits are inter- properties of Bernoulli polynomials appears in appendix A
changeable and identical, thereby exhibiting the stability ofof Ref. 5. It is convenient in the following to introduce ad-
pointwise, trajectory solutions in this case. These facts enditional scale factors and to define the right-sided eigenfunc-
able us to see that for the Baker F—P equation a mixture dions, R,,(x), by
both behaviors occurs. A consequence of this observation is (2m)!
the appa.rent pgrado_x that for the Baker F—P gquatlon, bes Ry (X)=(— 1)m\/m L B(X). (6)
entropy is an invariarft, whereas Jordan basis expansions (mt!)
appear to irreversibly evolve towards the invariant density, A naturalL, basis for the unit intervit is provided by

which has maximal entropy. the modified Legendre polynomidls.et P,(x) denote the

The remair_1der of this paper Is organized as follows. Innth Legendre polynomial, which is defined on the interval
Sec. I, we review the properties of the Bernoulli F—P equa-[_1 1], and define the modified Legendre polynomial
tion, its associated Koopman operator, construct the leﬂ}? (x,) ’on the unit interval[0, 1], by? ’

n 1 ] [l
0

sided eigenfunctions, and give the spectral decomposition
the F—P operator. The left-sided eigenfunctions are seen to ¢ ,(x)=+/(2n+1)P,(1—2x). )
be meaningful in a formal sense. In Sec. Ill, we apply these _ ) )

results to the Baker map. The spectrum and a construction di'€Se functions satisfy orthonormality

the formal Jordan basis as well as the spectral decomposition 1

of the F—P operator, missing In are presented. The funda- f dXdn(X) Pr(X) = Snm» (8
mental recursion formula for these constructions is derived 0

here in a remarkably direct way compared to what has beegnd completeness

done previously.In Sec. IV, we discuss several other recur-

sion formulas and related combinatorial identities. These - , ,

combinatorial identities involve Bernoulli numbers and may HZO $n(X) hn(X") = A(X=X). ©)
be of broader interest. In Sec. V, we discuss the entropy

evolution equation for the Baker map. It is this issue that is affhe Rodriguez formula for Legendre polynomials implies
the heart of putative intrinsic irreversibility of solutions to —
invertible chaotic maps. bn(X)= ( )

f(M~1(x))
%) OG0 @

M1}

x 1
_+_

5+5) 4

ey
2

1 [x
PBf(X):Ef E

The right-sided eigenfunction—eigenvalue equatiéi-ts

n

v O x(1—x)". (10

In Appendix A, we prove thaR,,(x) may be expanded in

Il. EIGENSTATES FOR THE BERNOULLI MAP terms of the¢,(x)’s according to the formula
Let a generic map ofD, 1] be denoted by (x), so that m
Rn()= 2, Rmnhn(X) (1D)
Xn+1=M(Xp). (1)
in which the matrixR,,, is defined, forns=m and m+n,
The associated F—P equatioAis® even, by

CHAOS, Vol. 7, No. 2, 1997
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256 Ronald F. Fox: Construction of Jordan basis

2m)!
Rmn=V(2m+1)(2n+1) (rnl')'

(n+r)!
r'(m—n-r)l(2n+r+1)!°

m—n
X 2, B (12
in whichB,,,_,,_, is a Bernoulli number:*?R,,,, vanishes for
m-+n odd and form<n, i.e.,R is a lower triangular matrix.
For arbitrary functions(x) andg(x) the adjoint of the
F—P operatorP), is called the Koopman operatbiis de-
noted byK,,, and is defined by

1 1
f dx f(x)PMg(x)=f dx g(x)Kyf(x). (13
0 0

The left-sided eigenfunctions @y, are right-sided eigen-

functions ofKy, . In I, we showed that for the Bernoulli map,
the Koopman operatoKg, is equal to the F—P operator for

a certain iterated function systef,s. This IFS is based on
the stochastic iteration of two mapsach with probability

2

i

Ml(x):;: (14
1
Mz(x)=;+§. (15)

The F—P equation for this IFS is
Piresf(X)=F(2X)O(3—x) + f(2x—1)O(x—3) (16

in which ©(x) is the Heaviside theta function.

Thus, taking the adjoint is isospectral, as is well known.
An analogue to the expansion in Ed.1) exists and is

Lin()= 2, Lmnhn(X). (23

The inverse of Eq(1l) is

n

n(¥)= 2 (R™YH R (X). (24)

m'=0

Therefore (the repeated index summation convention is
used,

1
Lmn:f dx Lm(X) én(X)
0

:fldx Lm(x)(R_l)nm’Rm’(X)
0

=(R” 1)nm , (25
wherein we have used Eq®) and (18). This means
L=(RH™ (26)

in which RT denotes the adjoint dR. Thus,L is upper tri-
angular. In Appendix B, we derive the explicit formula for
the matrix elements ,,, given by

3 [2n+1 (m+n—1)!
Lmn= 2m+1(2m—-1)!(n—m+1)!’ 27

The eigenfunction—eigenvalue equation for the left-sidedvhich is valid for I=m<n andm-+n even. Form>n, the

eigenfunctions oPg is
KeLm(X) =Ambm(X). (17

matrix elements vanish, as well as for+-n odd.
There is a major difference between the right-sided and
left-sided eigenfunctions d?z . TheR,(X)’s are expandable

It is knowr? that these functions, together with the right- in terms of theg,(x)’s using a finite number of coefficients

sided eigenfunctions dPg, satisfy biorthonormality
1
fo dx Ly(X)Rm(X) = dnm (18
and completeness
n§=)0 La(X)R,(X')=8(x—x"). (19)

The definition of the adjoint operator in E(L.3) permits
determination of the eigenvalues in E47). Clearly

f "X LX) PeRo(X) = f "dx R(OOKsLn(x) (20
0 0

implies
1 1
(—n—)\m>f dx Ly(X)Ry(x)=0. (21
2 0
This implies Eq.(18) and
1
7\m=2—m- (22

Rmn With n=m. The L,(x)’s, on the other hand, require
infinitely many coefficients when expanded in terms of the
$n(X)’s, and these coefficien{see Eq.(27)] diverge with
increasingn.? Thus, these left-sided eigenfunction expres-
sions are meaningful only in a formal sense. Much like the
Dirac delta function and its derivatives, which are meaning-
ful in the sense of Schwartz distributions, these formal ex-
pressions are meaningful upon integratfon.

Let f(x) be a polynomial of degrel. The orthonormal
dn(X) basis permits the expansion

N
f(x>=n§O dnn(X), (28)
where
1
do= [ ax 100 6,00, 29
0

Similarly, we have expansions in terms of thg(x)’s

f(x>=mE=0 Crmbm(X). (30)

CHAOS, Vol. 7, No. 2, 1997
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Ronald F. Fox: Construction of Jordan basis 257

Notice the infinite range for the summation here as compared 112 1 y’
with Eq. (28). The proof thad,=0 for alln=N utilizes the PBf(x,y):f0 dx’ fody’ A(x—2x")o|y— 3)
Rodriguez identity, Eq(10), and integration by parts in Eq.

(29). ! ! ! ! ! ! ’

Let K denote thepth iteration ofK g and write, accord- XFXy)+ ledx fo dy’ (x—(2x"-1))
ing to Egs.(17) and(22),

y 1 ) "
3 ) X5(y 74’5 f(x",y")
Kgf(x)zmz,o Cm Spm Lm(X). (32) X 1
=f §,2y (S) E—y

Thus, while formal, this expression conveys the nature of the Xt 2y 1) 6( y— }) (35
approach to equilibrium. Equatioi27) shows that the con- 2 2 2/

vergence here is delicate. This has been carefully discussed . . . - .
elsewheré:8 As was shown inl, a two-dimensional periodic Gaussian

To motivate the construction of the spectral decomposidistribution

tion of the Baker F—P operator given in the next section, the 1 o x (X—Xg+1)2
spectral decomposition for the Bernoulli F—P operator will f, 5(X,y)= E 2 ex;{ _ 0
be given here. Let us introduce the Dirac notation # 2mafn 2a?

=—0ow m=—w

(36)

Xexp[ _(y=yo+tm)?
[M)=Rm(x) and (m|=Lp(x), (32 2P

experiences a doubling of the standard deviatiomnd a
so that we may give the Bernoulli F—P operator the explicithalving of the standard deviatio® upon application of
spectral decomposition Pgaker- The point of emphasis il was that the limits
a—0 andn—o, wheren is the number oP g, iterations,
do not commute, whereas the limig—0 andn—o do
p :2 Im) i (m| (33) commute. The former case is identical with the correspond-
BT S 2m ' ing behavior for the Bernoulli F—P equation, and the latter
case is identical with the behavior of the IFS F—P equation
(or equivalently, the Bernoulli K equatipnMoreover, if

Together with biorthonormality, Eq.18), and scaling, Eqg. 9(x) is defined by

(6), this yields Eq.(5), the eigenstate equation for the Ber-
noulli polynomials. It also yields the corresponding left- 1
sided eigenstate equation equivalent to Exy). The sim- 9(x)= fo dy f(x,y), (37)
plicity of this result is a consequence of the nondegeneracy
of the Bernoulli F—P operator spectrum. In the case of thehen Eq.(35) implies thatg(x) satisfies Eq(4), the Bernoulli
Baker F—P operator, the corresponding result is more comF—P equatio;®” whereas after many iterations &5,
plicated because the spectrum is degenerate and the Bakée x distribution becomes asymptotically uniform and the
map requires the nontrivial Jordan canonical form. residualy behavior is indistinguishablésubstitutey for x)
from the IFS behavior defined by Eq4.4)—(16).
For these reasons, it is natural to suspect that a basis for
the Baker F—P operator may be developed from products of
Rm(x)'s andL,(y)’s, at least in a Schwartzian sense. Spe-
IIl. JORDAN BASIS FOR THE BAKER MAP cifically, the right-sided Jordan basis states .., are

expanded in terms din Dirac notation
The Baker map*~'is defined by

[m,n)=Ru(X)La(y), (38)
A 1 and the left-sided Jordan states are expanded in terms of the
(Xn+1,Yn+1) =| 2%y, §>6(2—Xn) adjoints
yn 1 1 (i KlI=L;()R(Y). (39
+(2x,—1, %=+ =|06|x,— 3. (34
2 2 2 From Egs.(18) and(19), we have biorthonormality
i, klm,n)=26;,6 40
This map is area preserving and invertible, i.e., reversible. (1K )= Ojmin 40
The F—P equation is and completeness

CHAOS, Vol. 7, No. 2, 1997
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258 Ronald F. Fox: Construction of Jordan basis

©® The presence of thé’s makes these Schwartzian expres-
20 ZO Rin(X)La(Y ) Lm(X)Rs(Y) = (X" =X) 8(y" —y). sions, and in Appendix C we prove that foem andn<k
e 41) (otherwise it vanishes

{(j K| Pgakelm,n) =3 1+ (—1)M*i+kin](—q)i+ntmik

\/(2m+1)(2k+1)(2m)!(2k)! jin! 1
(2j+1)(2n+1) (2))!(2n)! mik!(m—j+1)!(k—n+1)! 2¥"=2

X (Bm-j+1(2)~Bm-j+1(0))(Bk-n+1(3) ~ Bx_n+1(0)). (42)

The j=m andk=n matrix elements are especially simgle: 1
PBaker|p1V>J:? |p,V>J+|p,V+ l>J

1
(M.N[PgayelM,N) = s (43 for v=0,1,2...,p—1, (46)

1
If the matrix in Eq.(42) were purely diagonal, which it is PBakerIpvp>J:F P.p)s- (47)
not, these simple powers would be the eigenvalues automati-
cally. Clearly, form+n=p, they arep+1 fold degenerate. Related states exist for the Baker K operator as ey
If either j=m but k#n, or k=n but j#m, then Eq.(42)  satisfy the adjoint identities
contains, in the first instance, the vanishing factor 1
«p,v| PBaker:? «p,v[+5(p,v—1]
(B1(2)—B1(0)z[ 1+ (—1)**"]
for v=1,2,...p, (48
X (Bk-n+1(3) —By-n+1(0))=0, (44) 1
. . . . J<p!o| PBaker:_p J< p!0|- (49
because the first factor i the second factor is 1 K+n is 2
even and is 0 ikk+n is odd, and the third factor vanishes  The Bernoulli map is not invertible because each point
since B,(3) =Bq(0)=0 for all odd g>1. These last two x in [0, 1] has two possible antecedentf2 or x/2+ 1. In the
facts follow, respectively, from EqA4) and the fact that all  Baker map, however, this ambiguity is removed by coupling
Bernoulli numbers[recall thatBy(0)=Bg], Bq, with odd  of the x behavior to they behavior{cf. Eq. (34)]. Thus, the
indexq>1 vanish>!?Thus, for allk#n and for allj=mwe  Baker map is invertible. The Baker F—P operator, however,

havé is not self-adjoint. From Eq(35), and the appropriate ana-
logue of Eq.(13), it is straightforward to deduce the corre-
(M, K| PgakelM,N)=0=(j,n|Pgarefm,n). (45  sponding Baker K operator which is given by
Since the second and third factors in E4g) are still present Kgaked(X,Y) =0l 2x, ;) 9(%_)()

wheneverj+m is even, and correspondingly for the case

when k+n is even, we have even more vanishing matrix

elements. The matrix elements &, vanish for all +g

+m even andk#n and for allk+n even andj#m. Put

another way, the only nonvanishing, off-diagonal matrix el-This is identical withP g, if we interchangex andy. Let us

ements of B,.erare those with j+m and kt-n both odd and  define

with j<m and n<k. The index inequalities reflect the trian- _ .

gular nature of the matricds andR. ApvI=lp.p=w); with xy. (5)
Earlier work? utilizing resolvent operator and This guarantees thgp,v|’s satisfy Eqs.(48) and (49). Be-

subdynamick’ techniques on thg-adic generalization of the low, we will eventually convert thg{p, »|’s into #p,v|'s by

Baker map, has produced elegant constructions of lineaa renormalization.

combinations of thgm,n) that constitute a Jordan basis. A remarkably straightforward construction of these

These linear combinations, denoted here|jpy);, form a  right-sided and left-sided Jordan states Ry, is obtained

Jordan basfsthat exhibits thep+ 1-fold degeneracy of the as follows. The off-diagonal matrix elements given in Eq.

diagonal elements given in E¢43). This Jordan basis con- (42) are nonzero only if +m andk+n are both odd andl

tains sets op+ 1 states|p,v);, satisfying the identities <m andn<k. Therefore, it is obvious that

1
X—=]|. (50

y 1
2x—1,>+ > 5

226
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Ronald F. Fox: Construction of Jordan basis 259

(52

Ip.p)s=
AP0 =(p,0], (53

since an application dPg, reproduces Eqg47) and(49).
Notice that in this case

Ap.0=(|p,p); with x—y)
=(]0,p) with x—y)=Ry(y)Ly(x)=(p,0], (54

where we have used Eq&l), (52), (38), and (39). Thus
Ap,0=5(p,0, but in general we will find that the{p, »|'s
given by Eq.(51) will require renormalization before they
satisfy the biorthonormality requirement

J<p1v|priv,>\]:5pp’5vv’ . (55)

The matrix element index inequalities given with E¢2)
also suggest the expansion

Ip,p—j>3=a<”(|i.p—1>

+2 > |k,mC®IP for j=1,2,...p,
=0 m>p—j

(56)

cP 0 only if k<j andm>p—j. We repeatedly use
this implicitly below. Substituting Eq56) into both sides of
Eqg. (46) and projecting ontgk,m| yields

ag)(<k,m| Pakeli P—1)

+E 2 (km|Pggelr.s)CL P

=0 s>p—j
1 (J) ; i
=55 @y | (kmlj,p—j)

i-1
+E > <km|rs)C(”p>)

=0 s>p—j

+a§,"‘“( (k,m[j=1p—(j—1))

§=) > <k,m|r,s>c<;?ilvp>). (57)

>p—(j—1)

Repeated application of the biorthonormality, E@O),
yields fork in [0, j—1] andm>p—j

1 .
ﬁ (5kj5m p—ij + C(rrl1<’l’p))

=1 m

=(k.M[Pgacelj.p=i)+ X X (kM|Pgaelr5)
k<r s>p—j

(j-1)
. a
0 (kj—1,
X CYiP— 2 o0 (8 j-10m p-(-1FCIHP).
@p

(58)

If k=], the second term on the left-hand side and the second,
third, and fourth terms on the right-hand side all vanish,
leaving a special case of EGLJ):

ﬁ:U-p_”PBake“ap_J—)- (59

Because of Eq45), either bottkk=r andm=sin the second
term on the right-hand side of E¢68), or neither equality
holds. Thus, we may separate tker andm=s term from

the others, move it to the left-hand side, and obtain the fun-
damental recursion formula fde<<j:

L1 cwim j.p—j
55~ 5m | Co P = (kM| Peael i, )
-1 m

+E E <km|PBaker|r S>

k<r s>p—j
Xc(f;J,P)

(l 1)
(5k1 15m p—(j—1)
P
+Clli=1e)y, (60)

The recursive iteration of these equations proceeds in the
order:j=0,1,2..., andk=j—-1,-2,...,2,1,0.
The special cask=j—1 andm=p—(j—1) yields
(J 1)
<j_11p_(j_1)|PBakeI“1p_j>_ (] . (61)

Since|p,p);=10,p), we seta’’=1 in the recursion for the
a(’s, Eq. (61).

In order to fully grasp the nature of this recursion
method, it is extremely illuminating to work out a few cases
in detail. As will be seenp=1 andp=2 are straightfor-
ward, butp=3 already introduces important subtleties. In
discussingp= 3, we will prove several identities applicable
to the arbitraryp case.

For p=1, |1,1);=/0,1). Thus, onlyj=1 is allowed.
Therefore k=0. Equation(60) reduces to

1 1 a“’)
(2 Zm)co“ (Om/Pgaiel 1.0~ —7 Om- (62
1
Form>1,
Cin =17 (Om|Pgaiel 1.0). (63
2 2"

c{%Y is undetermined sincen=1 implies that Eq.(62)
yields
1
(1) _
2= , 64
! <O-1|PBakel|110> ( )

Therefore, Eq(56) implies

11,0;=a{ |1,o>+mZ>0 lomyc &L, (65)
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260 Ronald F. Fox: Construction of Jordan basis

From Eq.(51), we have

(66)
Therefore,
5{1,01,0,=af” (67)
and
1 1
J<1,0|—WJ{1q—T<1q (68)

a;
provides the renormalization needed in E85). Similarly,

J{lrllz(|1.0>3 with x<y)
[(0,1+ Eo cPt(m,0|. (69)

Therefore,

ALULY ;=i (70)
and

KL= w{lﬂ <OJJ+E Cat¥mo. (71

Finally, we must have, according to E&5),
11,11,0,=x1,01,1),=0. (72

The second inner product is automatic, but the first require

2a4PCM=o0. (73

Thus, C{**P is finally determined; it vanishes.

For p=2,/2,2),=10,2) and;{2,0=(2,0. The cases are
j=1 andk=0, orj=2 andk=1, or 0.

For j=1 andk=0, we obtain

;
(22 ClO2=(0,m|Pgakel 1,1) — oD 7 Ome- (74)
For m>2,
clol2- T 1 (0.m|Pgakef1,). (79
22 om

C{%12 s undetermined sincen=2 implies
1

e 76
2 <012PBaketllvl> ( )
Therefore,
12,1);=a (|11>+2 c°12’|0m> (77
and

-]{2’1|:(|211>J with X<—>y)

=a<2“(<1,u+ 21 C&?;1'3<m,0|). (78)

Since

#{2,12,0,=(a5")?, (79
then
1
(2= D)2 A2,
1 (0;1,2
= —5 [(11+ X CcO?(m,|. (80)
az m>1
For j=2 andk=1, we obtain
1 1 ) _ alt
(1;22_
= =1 | CL22 = (1 M| Paakel 2,00 — —5 Sima.-
(2 2m+l m Bake a(22) ml
(81)
Form>1,
(1;22 _ 1
Crn'®?=1—1 (LMPgae] 2.0 (82
7 71
c{¥22) is undetermined sincen=1 implies
(1)
(44
-2 (83)
o .
2 <111| PBakellzvo>
For j=2 andk=0, we obtain
1 1 )
gi’f F) Cn™?
m—1
=(0mPgakef 2.0+ 2, (Om|Peael18)C5" 2
)
ay .
N ®) Cg])’l’z) . (84)
@

Notice that the first term on the right-hand side vanishes
because 82 is even. Fom>2,

. 1 (S .
C§1$~2'2’=—1 1 (S>§O (0,M| Pgayef1,5)CLH2?
22 2m
(1)
az .
~D cﬁr?'m) : (85)

c{%22) s undetermined sincen=2 implies
o
0=(0.2Paasel LYCY 27— 5 €42, (86)

Therefore,

205-a| 120+ 3, c#21m

+ 21 Cﬁ,??z'3|0,m>). (87)

The absence of themm=1 term in the last expression on the
right-hand side follows from Eq84) because the first term
on the right-hand side of Eq@84) vanishes, the second
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Ronald F. Fox: Construction of Jordan basis 261

term’s summation has no summand for=1, andC{*'*?
=0 by them>p—j rule for the Ci:P's Thus c{®3?
=0. Therefore,

J{Z-Zl = (|2;0>J with x<y)

~af[(02+ 3, e

m>0
x(m21|+ >, C%22(mo|. (88)
m>1

Since
H{2.42,2,=af?, (89)
then

1
J<212| =" 2.2

ab

=(0,4+ mzo Cir??(m, 1] + m§>‘,l CR22(m,q.

(90)
From Eq.(87), it is clear that
#2,02,0,=a3”. (91)
Therefore,
1
#2,0= — (2,0. (92
@y

We are now in a position to check biorthonormality, Eq.

(55). We obtain
%2,22,0,= ay” (CY22+ (C22)%+ CY27),
X2.42,2);=af(Cy" 2+ CiH22),

J<2’21212>.]: 11
(2)

J<2!1|21O>J:% (C224 cloitay,
K2,12,1,=1, (93)
2,12,2,=0,
$2,02,0,=1,
5(2,02,1),=0,
%2,02,2),=0.
These results are consistent with EgE) if

cYt?=cit?2=cP*?=0. (94)

nonvanishing of the expansion coefficients given just below
Eq. (56). Only results will be given since the method should
now be clear.

i=1, k=0:m>2,

. 1

Crt?=1—7 (0mM|Pgael1.2 for m>3. (95
2% 2m

c{®13 is undetermined sincen=3 implies

YL S (96)
3 <0'3| PBakel|112> .

The associated Jordan state candidates are

325=a 12+ 3, C*lom)+ P l03 |
97)

f3d=af| 22+ 3, cR*(ma+cP (3.

(98)
j=2,k=1:m>1,
(123 1
Ci23 = (1m|Pgacel21) for m>2. (99
2% 2omtl
ct23 is undetermined sincen=2 implies
(1)
o
@-____ 3 (100
o .
3 <1!2|PBaker|2’1>
j=2,k=0:m>1,
1 m—1
cozo - [ 3, omlPasel1 i
1 1 s>1
28 2om
a
—— CY3 | for m>3. (101)
a3
c23 is undetermined sincen=3 implies
e 5 .
0=(0,3Pgaef 1,9 CH 7~ —55 CF'2. (102
3

In this case, the possibility ah=2 is excluded because all
terms on the right-hand side of E@O) vanish for one rea-
son or anothefEq. (101) must be used to see thg{’??
=0].

The associated Jordan state candidates are

Once again, the undetermined expansion coefficients are fi-

nally determined; they vanish. Moreover, these results are

consistent with Eq(86).
Forp=3,13,3);=

0,3 and,{3,0=(3,d. The cases are
j=1 andk=0, orj=2 andk=1 or 0, orj=3 andk=2 or
1 or 0, a total of six cases. Recall the conditions for the

13,1);=a?| [2,0+ >, Cl%23|0m)+CP23]0,3)

m>3

+ > cE2I 1 my+Cctizd|1,9) |, (103
m>2
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262 Ronald F. Fox: Construction of Jordan basis

‘]{3,2 = Ct’gz) <1,2 + mZ3 C|('r(1);2’3<m10| + 050;2,3<3’q

+m§2 Ch®3(m,1f+Ch23(2,1]|. (104
j=3, k=2:m>0,
(2:33 !
c2:3 :ﬁ<2,m|PBake,|3,0> for m>1. (105
28 2m2

C{?33 is undetermined sincen=1 implies
(2)

)= et (106
<2’1l PBakell3vO>
j=3, k=1:m>0,
1 m—1
(133 (2133
Cm 1 1 ( s>0 CS
2% oMl
a?
-3 Cﬁnl'm for m>2, (107
as
Cc{33 is undetermined since=2 implies
(2:3 o’ 12
0=(1,2Ppgacef2, HCY% ~ o0 cyted (109

The associated Jordan state candidates are

3,0,=af? |3,0)+mE>3 Cl23310,m)+C33|0,3)
+CP3310,2+CP330,n+ >, CE3I|1m)
m>2
+C3*3|1,2+ > cZ332m)
m>1

+C#332,) |, (113

(3d=a?( 03+ 3, Co*3mol+cpa3
m>3
X(3,0+CY 32,0 +C¥*3(1,9

+ > CH33(m,1+Ci33(2,

m>2

+ >, CZ3I(m,2+CZ33(1,7 . (114
m>1

For p=3, the undetermined coefficients a@{’'?,

C(21;2,3), C(3°;2’3), C(lz;s,s)’ C(21;3'3), and C(go;s,s)_ Moreover
Eqgs.(102), (108, and(110) must be satisfied, and EQL10)

In this case, the possibility ah=1 is excluded because all makes it clear that all of these coefficients cannot vanish.

terms on the right-hand side of E@O) vanish for one rea-

son or another.
j=3,k=0: m>0,

_ 1
Clo33_ T (<O,m|PBaker|3’o>

2% 2om
m—1

+ 2 <Ovm|PBakerlle>C(sl;3&
s>0

)

al?
(3 c<°23) for m>3. (109
a3

C{%3% s undetermined sincen=3 implies
0=(0,3Pgakel 3,0 + (0,3 Pgaye] 1,2 C53?

o?)

—zy C923, (110
as

In this case, the last case of the six cases;2 andm=1
are still possibilities. Equatiof60) implies

1 1 (2)
>3~ §z>c<°” (0,2Pgaye] 1LYCH 33— —5; CY23,
3
(112
1 1 (0:3.3
53 5/CT77=(0,1Pgacel 3.0). (112

Checking biorthonormality, Eq55), yields

3{313 3!3>J= aég) )

{3.23.2,=af'ay",

(115
4313, 1,=a5"ay?,
{3.03.0,= 0.
Therefore,
(3.0= 775 3. (116

(34= —a%a (<2,JJ+ 2, Crt3(m,0+CE (3,0,
3 m>
(117

1 ) .
A(3.2=—5 ((1,3 + 2 Ci23(m,0)+C23(3,9
a3 m>3

+ > cE23(maj+citizd(2.1]|, (118
2

m>
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Ronald F. Fox: Construction of Jordan basis 263

. . 1
‘]<3,a:<0,3+mE>3 C$’3'3<m,0|+c(30’3'3<3,q «p, r|= W
r-1
HOPPH20+ CPPLAT 2, Ci®H(m x| ofprl=2 oAprlps) opsl]. @29
=0

To show that both Eqg48) and (49) and Eq.(55) are now
satisfied, we need two lemmas.

Lemma 1l:Forr in [0, p—1] andsin [0, p—1],
Ap.rlps),=s{p.,r+1fp,s+1);. (128
Proof: From Eqgs.(46)—(49), it follows that

+C33(2,1+ D Cl233
m>1

X(m,2+C{233(1,2. (119

These are candidates, for the renormalized left-sided Jordan
states. However, further checks of biorthonormality reveal

that orthogonality is not always satisfied. The cases that are 1
not identically zero are Peaker™ 55| [P,8))=[p,s+ 1), (129
a? . _ and
5(3,43,0,=—5 (C¥33+CPHd), (120 .
a3
( ) J{p’r+1| PBaker_ ?)ZJ{D!”' (130)
%3,23, o>J—T3 CLi33 4 cl023 4 cli23¢(2:33) Therefore,
ag
(121

1
2 J{p’r|prS>J:J{prr+1|(PBaker_ §)|p15>3
_93 (12,3
J<3’2|3!1>J_Tg (2G5, (122 =4{p,r +1|p,s+1), (131

Lemma 2:Forr=1,2,...p,

= 3 (0,33 (2;3,3y2

+2CHH33C(233) (123 % =1. (132
%3,33,1);=aP(CL:23 4 123233 4 c(1i33) Proof. From Eq.(61), it follows that
(129 _ =
af VaP™ " (r—1p—(r-1)|Pgaelr,p-T)

(3,33,2,=af"(CPH+ C22). (129 afla?™” (P [Peaelp— (r=1),r = 1)
This circumstance is remedied by application of the Gram— (133
Schmidt orthogonalization procediffe. From Eqg.(42), the statement of the lemma follows because

We get genuine Jordan states as follows. The right-side@f the j —n andk<m symmetry
states are already given by H&S). It is the left-sided states (j K| PgakedM,NY = (N, M| PgaelK,j ). (134)

. 0)= .
that require further work. Recall tha!fJ 1, and write The proof of Eqs(48) and (49) for the left-sided states

1 given in Eqs{(126) and(127) uses the principle of induction.
«P.0= =5 2tp.0l (126)  Recall that by construction, the statgp,r| satisfy Eqs(48)
“p %p and (49). Therefore, Eq(126) implies that(p,0| satisfies
and forr=1,2,...p Eq. (49). Similarly, we verify Eq.(48) for 5(p,1].

1
J< p11| PBaker:W (J{p=l| PBaker™ J{pal| p7O>J J< p10| PBaker

p
1
= oTaP T 2p AP+ 4{p,0 - 2p AP 4p,0); «p.0l
1 a(o aEJp 1
=55 AP l|+WJ<p-O|:FJ<p11|+J<p!O|1 (139

where the last equality follows from Lemma 2. Now assume that(#8). has been verified for=0,1,2...,r —1. We show
that it is true forr:
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264 Ronald F. Fox: Construction of Jordan basis

1 r-1
J<prr|PBaker:W (J{pir|PBaker_z J{pir|va>J J<prs|PBakerJ)
p =p

s=0
1 1 1 r-1 r-1
" AT (ﬁJ{|0,r|+3{|0,r—1|—532O Aprlp.shy Ap.sl= 2, slprlp.s)y P51
1 1 r-1
=ﬁ3<p:f|+w J{P,f—1|—szl Ap.rip.s)s fp,s—1]

r-1

1 1
=§J<p,f|+W J{P,f—ll—zl Ap.r—1fp,s—1); fp,s—1|
p p

s=

AP+ = {1|r22{1|><|)
= — ,r — Ty ,r - - ,I’ - ,S ,s
2pJp ag)af)p n | P & nPp P.S); AP
1 (r=1) g p=(r=1) 1
=55 AP I+ —m = o«P.r —1|= 55 .|+ 5(p.,r —1J. (136
2 apr app ' 2
|
The fourth equality follows from Lemma 1 and the seventh %p,2p,0);=0, (143
equality follows from Lemma 2. Thus, by induction, Egs.
(48) and (49) have been verified for the left-sided Jordan B
state candidates of Eq&l26) and(127). It remains to prove %p.2lp,1);=0. (144
Eq. (55). From above, we now have the analogue of Eq.
(130 which is Therefore, assume that for some0 and for alls<r we
1 have shown that
J<pvr+1| PBaker_ ?)=J<par|- (137)

. .. . J<p1r|p1S>J=O' (145}
Therefore, with Eq(129) this implies forr>0

1 We now show that for alb<<r+1
Kp.rlp.r)s=sp.r| PBaker_ﬁ lp.r—1);

:J<p,r_1|p7r_1>\]_ (138) J<p!r+1|p!s>.]:o' (146)

Application of this result times yields

Kp.rlp.r);=3(p.0p,0); (139
Equations(56) and (126) imply

Proof: From Eq.(127) we have

1
«p.r+1p.s)i=—mro -y (J{p,f+1|p,s>3
ap  p

#p,0[p,0);=1. (140
Thus, the diagonal part of E¢55) has been proved. Now r
consider an off-diagonal inner product witk<s, -2 Apr+1p.s); (p.s'|p.s)
s'=0
«p.rlp.s)s=y(p,0p,s—r);
1
1 = r+1,p,s
_ _ CFL (- (r+1)) ' 1
_J<p,0|(PBake,— ﬁ>|p,s—r—1)J—O, C“E)Hl)app 0T+ (J{p Ip.s),
(141 r ,
. . . . . - 2 J{p,r+1|p,s >J53’s
wherein the first equality follows from iterations of Egs. s'=0
(129 and (137 in succession, the second equality follows _
from Eq.(129), and the last equality is a consequence of Eq. =0. (147)
(49). Forr>s, an inductive argument is required. Clearly,
for r=1, Eqs.(127) and (140 guarantee Thus, by induction, we have verified E{.45) in general for

_ s<r. This completes the verification of E(p5).
p2p.0),=0. (142 It is now possible to give the spectral decomposition of
Forr=2, Egs.(127) and(139-(141) guarantee both the Baker F—P operatéf.We obtain
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Ronald F. Fox: Construction of Jordan basis 265

oo p o] ee]
1 1
Peaier=[0.05 £0.0+ 2, | 2 [P,y 55 Ke 2 L) =5m 2 Lieu()- (149
p-1 Multiplication by ¢,(x) and integration ovex yields the
X (p,v|+ ZO lp,v+1); «(p,v| | (148  matrix equation

n
Especially note the simple-shift structure that embodies the Lon=2"> Lodin (150
off-diagonal terms in the Jordan canonical fdfrin the last k=m

1 1
kn:f dx d’n(X)KB(ﬁk(X):f dx ¢u(X)Pgdn(X).
IV. RECURSION FORMULAS AND COMBINATORIAL 0 0
IDENTITIES (151

These matrix elements are straightforwardly evaluated using

Three different outcomes have occurred for the coeffi- Egs. (4) and (102 giving

cients of eigenstates or Jordan states in terms of the expan-

sion basis. In Eq.(12), the expansion coefficients for \/W 1\s

Rn(x), the Bernoulli eigenfunctions, are given by a finite lkn= Z ( )

sum containing Bernoulli numbers, themselves generated N

recursively>'? In Eq. (27), the expansion coefficients for (K+n+s)!

L(X), the Bernoulli-Koopman eigenstates, are given in X n—k=s)(2k+s+ 1)’ (152

closed form by an explicit function of the indices andn.
Why isn't Eq. (12) of this form? Can its finite sum be ex- which is true only fork<n. Otherwise, it is zero. Clearly,
ecuted in closed form for arbitramm andn? | don't think so. 1

| think it is fully reduced as is. Equatio(27), however, is Inn=7. (153
also the solution to a fundamental recursion formula, Eq.

(155), to be derived below. That the recursion formula, Eq.Thus, Eg.(150) may be rewritten as

(155, has Eq.(27) as its solution can be explicitly verified

m
for a finite number of special cases, but a direct, general L= 2_ 2 Lond kn - (154
proof that this is so for every choice of indices has not been 1—
found. The truth of Eq(27) is proved by an independent 2n—m

argument(Appendix B and not by solving the recursion.
Finally, in Eq. (60), the expansion coefficients fop,v);,

the Jordan basis, are given by a recursion formula. Is there
closed form solution to this recursion that gives an explicit

Since it is known thal ,,,,=1 [see Eq.(27)], we quickly
obtain the fundamental recursion formula, EF1) of Ref.

formula for theCX4'P) in parallel with Eq.(27)? Perhaps 2m nt
the solution, if it exists, will be more like Eq12), i.e., Lon=| —7— Imn+k=§n:+1 L kn] - (159
requiring execution of finite sums for each choice of indices. 1- o
Perhaps Eq(60) is the optimal result.
The formula for the matrix elementk,,,,, Eq.(27), ap- We have directly checked this recursion against(2)

pears in Ref. 2a. It is a consequence of the subdynamiggiven Eq.(152). In fact, because these equations were estab-
method'*® applied to the resolvent operator treatment of thelished in Ref. 2a, originally we tried to prove E@7) from
F—P operator[Egs. (3.14 and (3.19 of Ref. 24, all of  this recursion and Eq152). Later, we discovered the non-
which yields a recursion formulgEq. (F1) of Ref. 24, the  recursive proof of Eq(27) given in Appendix B. It is, nev-
solution to which is Eq(27). The fundamental identity may ertheless, very striking to explicitly contemplate the simulta-
be derived using Zwanzig's 1960 projection operatorneous truth of Egs(27) and (155 (rewritten with n=m
techniqué* and Laplace transforms. This approach requirest 2K):

several pages of proof, and the subsequent establishment of

k 2k-2j

the recursion equation in Ref. 2a takes a few more. An ex- w:z ZJ ( 1 ) — (2m+4j+1)
plicit proof of Eq.(27) does not appear in Ref. 2a although (2k+1)! =0 s=0 2%
the method to be_shown here is |mpI|C|t in Ref. 8_. Below, we (2m+2j + 2k+5)!
show how to arrive at the recursion formula directly from _ :
Egs. (17) and (23), without use of the resolvent operator sl(2k=2j—s)!(2m+4j+s+1)!
apparatus. This parallels the construction in the previous sec- (2m+2j—1)!
tion in which a direct method produced the fundamental re- (ZT)' (156
cursion formula, Eq(60) [compare the subdynamics result, J '
Eq. (14) of Ref. 2d. That this combinatorial identity is true for amy=1 and any

Together, Eqs(17) and (23) imply k=0 is amazing, as can be seen by checking it.
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266 Ronald F. Fox: Construction of Jordan basis

Also, before we discovered the proof of EQ7) given  v=p is reached. These features are captured by the identity
in Appendix B, we observed that E(R6) implies that there [cf. Eq. (58) of Ref. 2d for the n-fold iteration of Pg,e;
is an explicit finite summation yielding the matrix elementsacting on|p,v); with n>p—v:

Lmn. From Eq.(12), we see that p—v ol

! 1
Rmm:].. (157) Pgakerlpvv>J=|(Zo k|(n_k)| 2(n7k)p |va+k>J (164)

for everym=1. Therefore, Eq(26) may be rewritten as

in which the upper limit of the summation is for n<p
L=RNH =1+T) 1 (1589  —wv. Apparently, successive applications &gye ON
f(x,y) cause all but the invariant, equilibrium state, i.e.,
|0,0);, which is constant and has eigenvalue 1, to détiig
I%rgument is not uniform ip). The asymptotic result appears
to be the equilibrium density which has maximal entropy. It
would appear that the entropy has increased rather than hav-
ing remained constant. On the other hand, the decays in Eq.
(164) manifest the intrinsic irreversibility of the dynamics, as
would be seen in correlation functiofs?
. That there is really no paradox here as a result of the

Lm me2k= kot (1— 5k0)21 (=Tm me2k- (159 inconsistency of Eq€161) and(164) is a consequence of the

I~ invalidity of the expansion for a probability distribution

Because of Eq(12), we knowT explicitly, and all that re-  given by Eq.(162). This is due to the Schwartzian nature of
mains is to execute the summation in E§59. Numerous the Jordan states. Thus the two sides of the equation are
checks for special values &f have verified the consistency functions of very different character. This sort of subtlety in
of Egs.(159 and(27), a combinatorial identity involving the  this kind of analysis has been discussed in Refs. 1d and 2c.
Bernoulli numbers.

in which 1 is the identity andT is the off-diagonal part of
R'. BecauseR is lower triangular,T is strictly super-
diagonal, and its successive powers are more and mo
super-diagonal. Thus the matrix elementlLofs given by a
finite serieqrather than by the infinite series seemingly im-
plicit in the last expression on the right-hand side of Eq.
(158)]

k
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S Pgakef 1= S f]. (161

In this case, the invariant, maximal entropy, equilibrium den-AppENDIX A: PROOF OF EQ. (12)
sity underPg,.,iS the constant 1 over the entire unit square.

Thus, the conditional entropyand the entropy are identical. Equations(8) and (11) imply
The proof of Eq.(161) is straightforwari and appears in 1
Appendix D. On the other hand, if we contemplate an expan- Rmn=f dXx Rp(X) dp(X). (A1)
sion for f(x,y) in terms of thelp,v); basis forPgaer, then 0
we have the formal expansion A Bernoulli polynomial property®!?implies (note theB’s
© not R’s)
foay) =2 24 cplpv), (162 dn m!
o Bm(X)= m=m1 Bm—n(X). (A2)

and application oPg e, produces
Together with Eq(10), Eq. (A2) converts Eq(Al) into

Poakef (%y)= 2 2, Cpu 55 (P73 _en+) fl ax R0 0 (1)
n! 0 dx
0 p—]_
+§)O 20 Coul P v+1);. (163 J(2n+1)(2m+1) (— gy (2m)!m!
p=0 v= = -

n! (mH)?(m—n)!
The new states with argument+-1 will receive reciprocal

powers of two prefactors upon successive application of Xfldx By, (X)(X(1— )", (A3)
Pgaker S Well as shifts to larger-arguments, at least until 0
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wherein ann-fold integration by parts has been used alongwherein the second equality follows from the fact that the
with the fact that all boundary terms vanish. Clearly, for values of the Bernoulli polynomials at=0 are just the Ber-
>m, the result is 0. Moreover, sint& noulli numbers. When we substitute this expression into Eq.
_ m (A10) and use the Leibnitz rule for the differentiations, fol-
Brn(1=X)=(=1)"Bm(X), (A4 owed by settingt=0, we finally get

these integrals vanish unlesst+n is even, as is proved by
making the substitutiom« 1 —X. J dx Byh(x)(x(1—x))"
To finish the proof, we need explicit expressions for the

integrals. These are most easily obtained from the generating m m! nl(n+r)!
function for Bernoulli ponnomiaI§:5le => =T B m (A12)
r=0 - .

M - 2 By(X ) (A5) Looking back at Eq(A3), we see that we need E@12) for
exdt]—1 m=o the special casen replaced byn—n. The result is Eq(12).

This implies that

fl X texxt] (X(1—x))" APPENDIX B: PROOF OF EQ. (27)

0 exdt]—1

In I, we proved that there is a class of functions that can

- 1 N tm be expanded in terms of the Bernoulli polynomials. Such
:mE:O o dx Bu(x)(X(1=x))" —. (AB)  expansions take the form
The left-hand side may be rewritten as -
Y (0= 3 cuBu(x) (BL)
1 texgxt] ) m
f dx exdt]—1 x(1=x)) with the coefficients given by the formdi&¥
w 1
td Cm=— (FM V(1) fM=1(0)) (B2)
g+n n m ml
J dx exm] T qE — XAFN(1—x)", (A7)

wheref® denotes théth derivative off for k=1 and
Using integration by parts times, one easily get$

1
jlit Co= fo dx f(x). (B3)
J——
f dx X(1-x) Sk (A8)
A combination of Egs(24) and(25) and Eq.(6) implies
Putting this into Eq(A7) yields N (2m)!
1 texgxt] Ga(X)= 2 Lin(—1)™J(2m+1) miyZ Br(¥). (B4)
f X = (X(1=x))" m=0
exdgt]—1
Equation(B2) implies that
- nl(g+n)!
12 : (A9) 1 (m)?
t o (2n+g+1)!q!
exr{] (2n+g+1)!q! L m(Zmlm'
We now have an explicit expression for the left-hand side of (=-1) (=1)
Eq. (A6). Since the right-hand side of EGA6) is a power X (" (1) = g™ P(0)). (B5)

series int, we can obtain themth term by takingm
t-derivatives, followed by setting=0. This yields the iden-

tity

From Eq.(10), we see that
(2n+1) dntm-1

¢ VX = g ((1-0)" (B6)
1 !
_ n
fo dx Bn(x)(X(1=x)) An application of Leibnitz’'s rule generates
+m—-1
gm t L(g+n)! (2n+1) A (n+m—1)!
> et th, (A10) gn 0= > In+m—1—q)!
Tdt™ | exdt]-1 ¢ (2n+q+1)iq! g=m-1 q!(n+m q)!
whereint is set to 0 on the right-hand side after the differ- « n! (—1)n*m+i-q n!
entiations. From Eq(A5), we see that (n—q)! (g+1—m)!
t * {m Xx"TA(1—x)ati-m (B7)
—= Bn(0 —, All :
exqt]—1 mE— il ) E:o (A1D) At x=1, only theq=m—1 term is nonzero and we get
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(n+m-1)!

(m=)!'(n—=—m+1)!"’
(B8)

¢ V(D) =(=n™N(2n+1)

while atx=0, only theq=n term is nonzero and we get

(n+m-—1)!

(m=D!'(n—m+1)!"
(B9)

H"V(0)=(-1)"(2n+1)

Therefore,
o P(1) - ¢™ 1 (0)

(n+m—1)!

=CDNEHD) e

X(l—(— 1)n+m+l)_

(B10)

Putting this into Eq(B5) produces Eq(27) whenm+n is
even, and zero otherwise.

APPENDIX C: PROOF OF EQ. (42)

The left-hand side of Eq42) is expressible as

<J rk|PBaker|mrn>

1 1
= | ax] dy LOORY) PaseRa00LA(Y)
0 0

1 1
= fo dxfo dy Li(X)R(Y)[Rm(X/2)Ln(2y)O(1/2-y)

FR(X[2+ 1/2)L(2y—1)O(y—1/2)]

1 1/2
- [ ax yooraoim) [ Tdy ROILA2Y)
0 0
1 1
+f dx Lj(x)Rm(x/2+1/2)f dy R(y)L,(2y—1)
0 1/2
1 1 r1
:f dx Lj(X)Rn(x/2) Ej dy R«(y/2)Ln(y)
0 0
1
+J dx Lj(X)Rn(x/2+1/2)
0
1 (1
xzf dy R(Y2 +1/2)L.(y). (C1)
0

Equation(A4) implies

Rin(1=%)=(=1)"Rpn(x). (C2

In parallel, Eq.(10) implies

Hn(1=x)=(—1)"¢u(x), (C3)
which with Eq.(23) implies

Lin(1=X) = (—1)™L (). (C4)

Therefore,
1
Jo dx Lj(X)Ry(x/2+1/2)
1
=(—1)mf dx Lj(x)Ry(1/2—x/2)
0
1
=(—1)mf dx Lj(1—=x)Ry(x/2)
0
!
=(—l)m“J’ dx Li(x)Rm(x/2), (Ch)
0

wherein the second equality utilized the substitution 1
—X, the first used Eq(C2) and the third used EqC4). A
similar sequence of arguments enables us to also prove

f ldy Ra(y/2+1/2)Ln(y)
0
1
=(-1)* f dy Ri(L/2-y/2)Lo(y)
0
1
~(-1¥] ‘ay R2L-y)
0
1
=(—1)"+”fO dy R(y/2)Ln(y). (C6)
Putting Egs(C5) and(C6) into Eq. (C1) yields
) 1 1
<Jvk|PBaker|man>=f dx Lj(X)Rm(X/Z)f dy R(y/2)
0 0

XLa(y) 5 [L+ (- 1mier,

(C7)

The remaining two integrals are of the same structure. Con-

sider any functionf(x), expandable in terms of the Ber-
noulli polynomials as in Eq(B1). Using Eq.(6), this be-
comes
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(m!)?

1
J(2m+1) (2m)!

f(x>=§ Cm(—1)™ Ru(X).  (C8

The biorthonormality expressed by Ed.8) implies

1 i (jH?
: =c.(—-1)) —
Jodx L0 =¢,(=1) (2j+1) (2))!
1 j!
=(-1)) =—=—= oy
V(2j+1) (2))!

X(F17(1) ~ 972(0))

(C9

in which the second equality follows from E@B2). This
result and Eq(C7) imply that we need the identity

RU-P(x/2)=(—1)™J/(2m+1) % BU Y (x/2)
" (2m)!
=(—1) (2m+ 1) W
m! 1
X(m—j—+1)!§J‘—1 Bm-j+1(X/2),

(C10

where the second equality follows from Hé2). Therefore,

Jem+n)

J2j+1) (2))!
e2mp 1

MM (m—j+ 1)1 2

X (B +1(1/2)~ By 1(0)).

(C11

fldx Li(X)Rp(X/2)=(—1)I*™
0

Clearly, forj=m+1, this result vanishes. Thyssm is es-
tablished. Treating the second integral in EQ7) the same
way completes the proof.

APPENDIX D: PROOF OF EQ. (161)
Equation(35) implies

1 1/2
S[Psakerf]=—f0 dXL dy f(x/2,2y)In(f(x/2,2y))

1 1
—J dxf dy f(x/2+1/2,—1)
0 12

X In(f(x/2+1/2,2— 1))

1 1 (1
=—f dxf dy[zf(xlz,y)ln(f(xlz,y))
0 0
+ % f(x/2+1/2,)y)In(f(x/2+ 1/2)y))

12 1 1
:_f dxfodyZEf(X,y)m(f(X:y))

0

1 1 1
_f dxfodyzz Fx,y)IN(E(x.Y))

1/2

=9 1], (b1
wherein the second equality follows from variable changes
2y—y and y—1—vy, and the third equality follows from
variable changes/2—x andx/2+ 3—x.
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