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Construction of the Jordan basis for the Baker map
Ronald F. Fox
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332-0430

~Received 14 August 1996; accepted for publication 8 March 1997!

The Jordan canonical form basis states for an invertible chaotic map, the Baker map, are
constructed. A straightforwardly obtained recursion formula is presented for construction of the
Jordan states and of the spectral decomposition of the Frobenius–Perron evolution operator.
Comparison of this method with earlier, subdynamics techniques demonstrates that it is much more
direct and simpler. The physical significance of the Jordan states is approached from the point of
view of an entropy evolution equation. The method is also applied to the Bernoulli map, yielding its
eigenstates more straightforwardly than done previously. ©1997 American Institute of Physics.
@S1054-1500~97!00902-6#
l-
e

n

.

e
ic
su

it
i
e
so

bi

w

Its
cen-
re-
the
F–P
are

otic
dy-

of
the
de-
m

lli
lf-
dif-
ed
en

.
ruc-
am-

c-

are

cal
em
or,
n-
lli
the

ctral
ht-
q.
A reconciliation between the time reversal invariance of
microscopic dynamics and macroscopic irreversibility
has attracted interest for many years. A fresh perspective
has been developed recently within the context of discrete
chaotic maps. These dynamical systems permit detailed
analysis in which all necessary mathematical objects can
be explicitly constructed. This constructibility is espe-
cially important in this context because the evolution op-
erator for these chaotic maps is not self-adjoint, which
means it does not have simple eigenstates and eigenva
ues. Instead, a more complicated Jordan basis must b
constructed that contains both right-sided and left-sided
states. A spectral decomposition of the evolution operator
is the desired goal because it lays bare the connectio
between spectral properties and irreversibility. In this
paper, the Baker map is studied. This two-dimensional
chaotic map is one of the simplest, invertible discrete
analogues to a reversible continuous dynamical system
Previous work on this type of map has involved quite
complicated and lengthy analysis utilizing resolvent op-
erator algebra. Here, the method of construction of the
Jordan states for the Baker map is much simpler than
the previous ones.

I. INTRODUCTION

An intrinsic basis for the reconciliation between the tim
reversal invariance of conservative Hamiltonian dynam
and irreversible macroscopic observations has been the
ject of research for some time.1a A possible resolution has
been proposed recently1b–1d and constructively developed2

within the context of chaotic iterated maps. This work has
foundation in earlier work on Pollicott–Ruelle resonances
axiom-A systems.3 The reconciliation has its roots in th
differences between the behavior of pointwise, trajectory
lutions and smooth, extended density solutions.4 We recently
explored this difference from the perspective of the insta
ity of trajectory solutions for chaotic maps.5 This earlier pa-
per is referred to asI in the following presentation. In the
present paper, we answer several questions left open inI , and
raise others. Our work follows closely the lead of Hasega
CHAOS 7 (2), 1997 1054-1500/97/7(2)/254/16/$10.0
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et al.2a,2b and of Antoniou and Tasaki,2c which in turn is
related to the fundamental work of Gaspard.1b–1dAs in all of
the earlier work, the Frobenius–Perron~F–P! operator asso-
ciated with an iterated map is the focus of our studies.
Jordan state basis and its spectral decomposition are of
tral interest. In this paper, a remarkably straightforward
cursion method is presented that permits construction of
Jordan basis as well as the spectral decomposition of the
operator. The simplest paradigms for these constructions
the Bernoulli map and the Baker map.2,4,6 The Baker map is
a two-dimensional, measure preserving, invertible cha
map. It is a discrete analogue of a continuous in time
namical system.

Dynamically, the Baker map is unstable in one degree
freedom and stable in the other. When integration over
stable degree of freedom is performed, the contracted
scription is precisely that for the Bernoulli map, at least fro
the perspective of the F–P equation.4–7 The eigenfunctions
for the Bernoulli F–P operator are the Bernou
polynomials.2,5,8 Because the F–P operator is not se
adjoint, these eigenfunctions are right-sided only, and a
ferent class of functions makes up the left-sid
eigenfunctions.2 These left-sided eigenfunctions have be
constructed for the Bernoulli map.2a,2b Here, we present an
alternative treatment, adumbrated in a paper by Gaspard8 In
doing so, we are able to shorten considerably the const
tion of these eigenfunctions as compared with the subdyn
ics method used in Ref. 2.

As will be emphasized below, the left-sided eigenfun
tions are meaningful only in a formal sense.2 The adjoint of
the F–P operator is called the Koopman~K! operator,4 so
that the left-sided eigenfunctions of the F–P operator
right-sided eigenfunctions of the K operator. InI , we ob-
served that the K operator for the Bernoulli map is identi
with the F–P operator for a certain iterated function syst
~IFS!.5,9 Thus, the eigenfunctions for the IFS F–P operat
missing in I , now can be explicitly exhibited. These eige
functions together with the eigenfunctions for the Bernou
F–P operator enable us to construct Jordan states for
Baker F–P operator. This enables us to obtain the spe
decomposition for the Baker F–P operator in a very straig
forward fashion. The fundamental recursion formula, E
2540 © 1997 American Institute of Physics
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255Ronald F. Fox: Construction of Jordan basis
~60!, is an alternative to the recursion formulas of the su
dynamics constructions.2

The spectrum for the Bernoulli F–P operator, which
identical to the spectrum for the IFS F–P operator, is non
generate. Consequently, the Jordan canonical form is pu
diagonal and the Jordan basis is comprised of genu
eigenstates.10 However, in the case of the Baker F–P ope
tor, the spectrum is degenerate, matrix representations
nontrivially nondiagonalizable, and eigenstates are no lon
possible ~except for one state in each degenerate Jor
block!. In this case, a nontrivial Jordan basis must be c
structed instead, in order to obtain a canonical form. Deg
eracyper seis not sufficient to require the nontrivial Jorda
basis, and this means that the Baker map is different fro
genuinely Hamiltonian system for which degeneracy d
not necessitate a nontrivial Jordan basis.

In I , the iterated map evolution of periodic Gaussi
densities was studied. For the Bernoulli F–P equation, it w
shown that the limit of vanishing standard deviations and
limit of long-time evolution do not commute. This feature
the dynamics demonstrates the intrinsic instability of poi
wise, trajectory solutions for chaotic maps. For the IFS F
equation ~Bernoulli K equation!, these limits are inter-
changeable and identical, thereby exhibiting the stability
pointwise, trajectory solutions in this case. These facts
able us to see that for the Baker F–P equation a mixtur
both behaviors occurs. A consequence of this observatio
the apparent paradox that for the Baker F–P equation, G
entropy is an invariant,4 whereas Jordan basis expansio
appear to irreversibly evolve towards the invariant dens
which has maximal entropy.

The remainder of this paper is organized as follows.
Sec. II, we review the properties of the Bernoulli F–P eq
tion, its associated Koopman operator, construct the l
sided eigenfunctions, and give the spectral decompositio
the F–P operator. The left-sided eigenfunctions are see
be meaningful in a formal sense. In Sec. III, we apply the
results to the Baker map. The spectrum and a constructio
the formal Jordan basis as well as the spectral decompos
of the F–P operator, missing inI , are presented. The funda
mental recursion formula for these constructions is deri
here in a remarkably direct way compared to what has b
done previously.2 In Sec. IV, we discuss several other recu
sion formulas and related combinatorial identities. The
combinatorial identities involve Bernoulli numbers and m
be of broader interest. In Sec. V, we discuss the entr
evolution equation for the Baker map. It is this issue that is
the heart of putative intrinsic irreversibility of solutions
invertible chaotic maps.

II. EIGENSTATES FOR THE BERNOULLI MAP

Let a generic map on@0, 1# be denoted byM (x), so that

xn115M ~xn!. ~1!

The associated F–P equation is2,4–6
CHAOS, Vol. 7,
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PMF~x!5E
0

1

dy d„x2M ~y!…f ~y!

5 (
$M21~x!%

f „M21~x!…

uM 8„M21~x!…u
, ~2!

in which $M21(x)% denotes the set of inverse images ofx,
andM 8 is the derivative ofM . HerePM is the F–P operator
and f (x) is an arbitrary function. For the Bernoulli map,2,4,5

M ~x!5DB~x!52x MOD 1, ~3!

and the F–P equation is2,4,5

PBf ~x!5
1

2
f S x2D1

1

2
f S x21

1

2D . ~4!

The right-sided eigenfunction–eigenvalue equation is2,4,5

PBBm~x!5
1

2m
Bm~x!, ~5!

in which Bm is a Bernoulli polynomial. A derivation of this
result appears in Refs. 2 and 5, and a concise review of
properties of Bernoulli polynomials appears in appendix
of Ref. 5. It is convenient in the following to introduce ad
ditional scale factors and to define the right-sided eigenfu
tions,Rm(x), by

Rm~x!5~21!mA~2m11!
~2m!!

~m! !2
Bm~x!. ~6!

A naturalL2 basis for the unit interval11 is provided by
the modified Legendre polynomials.2 Let Pn(x) denote the
nth Legendre polynomial, which is defined on the interv
@21,1#, and define the modified Legendre polynomi
fn(x), on the unit interval,@0, 1#, by2

fn~x!5A~2n11!Pn~122x!. ~7!

These functions satisfy orthonormality

E
0

1

dxfn~x!fm~x!5dnm , ~8!

and completeness

(
n50

`

fn~x!fn~x8!5d~x2x8!. ~9!

The Rodriguez formula for Legendre polynomials implies2

fn~x!5
A~2n11!

n!

dn

dxn
„x~12x!…n. ~10!

In Appendix A, we prove thatRm(x) may be expanded in
terms of thefn(x)’s according to the formula

Rm~x!5 (
n50

m

Rmnfn~x! ~11!

in which the matrixRmn is defined, forn<m andm1n,
even, by
No. 2, 1997
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256 Ronald F. Fox: Construction of Jordan basis
Rmn5A~2m11!~2n11!
~2m!!

m!

3 (
r50

m2n

Bm2n2r

~n1r !!

r ! ~m2n2r !! ~2n1r11!!
. ~12!

in whichBm2n2r is a Bernoulli number.
5,12Rmn vanishes for

m1n odd and form,n, i.e.,R is a lower triangular matrix.
For arbitrary functionsf (x) andg(x) the adjoint of the

F–P operatorPM is called the Koopman operator,4 is de-
noted byKM , and is defined by

E
0

1

dx f~x!PMg~x!5E
0

1

dx g~x!KM f ~x!. ~13!

The left-sided eigenfunctions ofPM are right-sided eigen
functions ofKM . In I , we showed that for the Bernoulli map
the Koopman operator,KB , is equal to the F–P operator fo
a certain iterated function system,PIFS. This IFS is based on
the stochastic iteration of two maps,5 each with probability
1
2 ,

M1~x!5
x

2
, ~14!

M2~x!5
x

2
1
1

2
. ~15!

The F–P equation for this IFS is

PIFSf ~x!5 f ~2x!U~ 1
22x!1 f ~2x21!U~x2 1

2! ~16!

in which U(x) is the Heaviside theta function.
The eigenfunction–eigenvalue equation for the left-sid

eigenfunctions ofPB is

KBLm~x!5lmLm~x!. ~17!

It is known2 that these functions, together with the righ
sided eigenfunctions ofPB , satisfy biorthonormality

E
0

1

dx Ln~x!Rm~x!5dnm ~18!

and completeness

(
n50

`

Ln~x!Rn~x8!5d~x2x8!. ~19!

The definition of the adjoint operator in Eq.~13! permits
determination of the eigenvalues in Eq.~17!. Clearly

E
0

1

dx Lm~x!PBRn~x!5E
0

1

dx Rn~x!KBLm~x! ~20!

implies

S 12n2lmD E
0

1

dx Lm~x!Rn~x!50. ~21!

This implies Eq.~18! and

lm5
1

2m
. ~22!
CHAOS, Vol. 7,
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Thus, taking the adjoint is isospectral, as is well known.
An analogue to the expansion in Eq.~11! exists and is

Lm~x!5 (
n5m

`

Lmnfn~x!. ~23!

The inverse of Eq.~11! is

fn~x!5 (
m850

n

~R21!nm8Rm8~x!. ~24!

Therefore ~the repeated index summation convention
used!,

Lmn5E
0

1

dx Lm~x!fn~x!

5E
0

1

dx Lm~x!~R21!nm8Rm8~x!

5~R21!nm , ~25!

wherein we have used Eqs.~8! and ~18!. This means

L5~R†!21 ~26!

in which R† denotes the adjoint ofR. Thus,L is upper tri-
angular. In Appendix B, we derive the explicit formula fo
the matrix elementsLmn given by2

Lmn5A2n11

2m11

~m1n21!!

~2m21!! ~n2m11!!
, ~27!

which is valid for 1<m<n andm1n even. Form.n, the
matrix elements vanish, as well as form1n odd.

There is a major difference between the right-sided a
left-sided eigenfunctions ofPB . TheRm(x)’s are expandable
in terms of thefn(x)’s using a finite number of coefficient
Rmn with n<m. The Lm(x)’s, on the other hand, requir
infinitely many coefficients when expanded in terms of t
fn(x)’s, and these coefficients@see Eq.~27!# diverge with
increasingn.2 Thus, these left-sided eigenfunction expre
sions are meaningful only in a formal sense. Much like t
Dirac delta function and its derivatives, which are meanin
ful in the sense of Schwartz distributions, these formal
pressions are meaningful upon integration.2

Let f (x) be a polynomial of degreeN. The orthonormal
fn(x) basis permits the expansion

f ~x!5 (
n50

N

dnfn~x!, ~28!

where

dn5E
0

1

dx f~x!fn~x!. ~29!

Similarly, we have expansions in terms of theLm(x)’s

f ~x!5 (
m50

`

cmLm~x!. ~30!
No. 2, 1997
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257Ronald F. Fox: Construction of Jordan basis
Notice the infinite range for the summation here as compa
with Eq. ~28!. The proof thatdn50 for all n>N utilizes the
Rodriguez identity, Eq.~10!, and integration by parts in Eq
~29!.

Let KB
p denote thepth iteration ofKB and write, accord-

ing to Eqs.~17! and ~22!,

KB
p f ~x!5 (

m50

`

cm
1

2pm
Lm~x!. ~31!

Thus, while formal, this expression conveys the nature of
approach to equilibrium. Equation~27! shows that the con
vergence here is delicate. This has been carefully discu
elsewhere.2,8

To motivate the construction of the spectral decompo
tion of the Baker F–P operator given in the next section,
spectral decomposition for the Bernoulli F–P operator w
be given here. Let us introduce the Dirac notation

um&5Rm~x! and ^mu5Lm~x!, ~32!

so that we may give the Bernoulli F–P operator the expl
spectral decomposition

PB5(
m

um&
1

2m
^mu. ~33!

Together with biorthonormality, Eq.~18!, and scaling, Eq.
~6!, this yields Eq.~5!, the eigenstate equation for the Be
noulli polynomials. It also yields the corresponding le
sided eigenstate equation equivalent to Eq.~17!. The sim-
plicity of this result is a consequence of the nondegener
of the Bernoulli F–P operator spectrum. In the case of
Baker F–P operator, the corresponding result is more c
plicated because the spectrum is degenerate and the B
map requires the nontrivial Jordan canonical form.

III. JORDAN BASIS FOR THE BAKER MAP

The Baker map2,4–7 is defined by

~xn11 ,yn11!5S 2xn , yn2 DUS 122xnD
1S 2xn21,

yn
2

1
1

2DUS xn2 1

2D . ~34!

This map is area preserving and invertible, i.e., reversi
The F–P equation is
CHAOS, Vol. 7,
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PBf ~x,y!5E
0

1/2

dx8E
0

1

dy8 d~x22x8!dS y2
y8

2 D
3 f ~x8,y8!1E

1/2

1

dx8E
0

1

dy8 d„x2~2x821!…

3dXy2S y8

2
1
1

2D Cf ~x8,y8!

5 f S x2 ,2yDUS 122yD
1 f S x21

1

2
,2y21DUS y2

1

2D . ~35!

As was shown inI , a two-dimensional periodic Gaussia
distribution

f a,b~x,y!5
1

2pab (
n52`

`

(
m52`

`

expF2
~x2x01n!2

2a2 G
3expF2

~y2y01m!2

2b2 G ~36!

experiences a doubling of the standard deviationa and a
halving of the standard deviationb upon application of
PBaker. The point of emphasis inI was that the limits
a→0 andn→`, wheren is the number ofPBaker iterations,
do not commute, whereas the limitsb→0 and n→` do
commute. The former case is identical with the correspo
ing behavior for the Bernoulli F–P equation, and the lat
case is identical with the behavior of the IFS F–P equat
~or equivalently, the Bernoulli K equation!. Moreover, if
g(x) is defined by

g~x!5E
0

1

dy f~x,y!, ~37!

then Eq.~35! implies thatg(x) satisfies Eq.~4!, the Bernoulli
F–P equation;4,6,7 whereas after many iterations ofPBaker,
the x distribution becomes asymptotically uniform and t
residualy behavior is indistinguishable~substitutey for x!
from the IFS behavior defined by Eqs.~14!–~16!.

For these reasons, it is natural to suspect that a basi
the Baker F–P operator may be developed from product
Rm(x)’s andLn(y)’s, at least in a Schwartzian sense. Sp
cifically, the right-sided Jordan basis states forPBaker are
expanded in terms of~in Dirac notation!

um,n&5Rm~x!Ln~y!, ~38!

and the left-sided Jordan states are expanded in terms o
adjoints

^ j ,ku5L j~x!Rk~y!. ~39!

From Eqs.~18! and ~19!, we have biorthonormality

^ j ,kum,n&5d jmdkn ~40!

and completeness
No. 2, 1997
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(
m50

`

(
n50

`

Rm~x8!Ln~y8!Lm~x!Rn~y!5d~x82x!d~y82y!.

~41!
^ j ,kuPBakerum,n&5 1
2@11~21!m1 j1k1n#~21! j1n1m1k

3A~2m11!~2k11!

~2 j11!~2n11!

~2m!! ~2k!!

~2 j !! ~2n!!

j !n!

m!k! ~m2 j11!! ~k2n11!!

1

2 j1n22

3„Bm2 j11~
1
2!2Bm2 j11~0!…„Bk2n11~

1
2!2Bk2n11~0!…. ~42!
:

a
.

s

se
rix

el

-

e
s.

-

int

ing

er,
-
-

se

q.
The j5m andk5n matrix elements are especially simple2

^m,nuPBakerum,n&5
1

2m1n ~43!

If the matrix in Eq.~42! were purely diagonal, which it is
not, these simple powers would be the eigenvalues autom
cally. Clearly, form1n5p, they arep11 fold degenerate
If either j5m but kÞn, or k5n but jÞm, then Eq.~42!
contains, in the first instance, the vanishing factor

„B1~
1
2!2B1~0!…12@11~21!k1n#

3„Bk2n11~
1
2!2Bk2n11~0!…50, ~44!

because the first factor is12, the second factor is 1 ifk1n is
even and is 0 ifk1n is odd, and the third factor vanishe
since Bq(

1
2)5Bq(0)50 for all odd q.1. These last two

facts follow, respectively, from Eq.~A4! and the fact that all
Bernoulli numbers@recall thatBq(0)5Bq#, Bq , with odd
indexq.1 vanish.5,12Thus, for allkÞn and for all jÞm we
have2

^m,kuPBakerum,n&505^ j ,nuPBakerum,n&. ~45!

Since the second and third factors in Eq.~44! are still present
whenever j1m is even, and correspondingly for the ca
when k1n is even, we have even more vanishing mat
elements. The matrix elements ofPBaker vanish for all j
1m even andkÞn and for all k1n even andjÞm. Put
another way, the only nonvanishing, off-diagonal matrix
ements of PBakerare those with j1m and k1n both odd and
with j,m and n,k. The index inequalities reflect the trian
gular nature of the matricesL andR.

Earlier work,2 utilizing resolvent operator and
subdynamics13 techniques on theb-adic generalization of the
Baker map, has produced elegant constructions of lin
combinations of theum,n& that constitute a Jordan basi
These linear combinations, denoted here byup,n&J , form a
Jordan basis2 that exhibits thep11-fold degeneracy of the
diagonal elements given in Eq.~43!. This Jordan basis con
tains sets ofp11 states,up,n&J , satisfying the identities
CHAOS, Vol. 7,
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PBakerup,n&J5
1

2p
up,n&J1up,n11&J

for n50,1,2,...,p21, ~46!

PBakerup,p&J5
1

2p
up,p&J . ~47!

Related states exist for the Baker K operator as well.2 They
satisfy the adjoint identities

J^p,nuPBaker5
1

2p J^p,nu1J^p,n21u

for n51,2,...,p, ~48!

J^p,0uPBaker5
1

2p J^p,0u. ~49!

The Bernoulli map is not invertible because each po
x in @0, 1# has two possible antecedents,x/2 or x/21 1

2. In the
Baker map, however, this ambiguity is removed by coupl
of the x behavior to they behavior@cf. Eq. ~34!#. Thus, the
Baker map is invertible. The Baker F–P operator, howev
is not self-adjoint. From Eq.~35!, and the appropriate ana
logue of Eq.~13!, it is straightforward to deduce the corre
sponding Baker K operator which is given by

KBakerg~x,y!5gS 2x, y2DUS 122xD
1gS 2x21,

y

2
1
1

2DUS x2
1

2D . ~50!

This is identical withPBaker if we interchangex andy. Let us
define

J$p,nu5up,p2n&J with x↔y. ~51!

This guarantees theJ$p,nu ’s satisfy Eqs.~48! and ~49!. Be-
low, we will eventually convert theJ$p,nu ’s into J^p,nu ’s by
a renormalization.

A remarkably straightforward construction of the
right-sided and left-sided Jordan states forPBaker is obtained
as follows. The off-diagonal matrix elements given in E
~42! are nonzero only ifj1m andk1n are both odd andj
,m andn,k. Therefore, it is obvious that
The presence of theL ’s makes these Schwartzian expre
sions, and in Appendix C we prove that forj<m andn<k
~otherwise it vanishes!
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259Ronald F. Fox: Construction of Jordan basis
up,p&J5u0,p&, ~52!

J$p,0u5^p,0u, ~53!

since an application ofPBaker reproduces Eqs.~47! and~49!.
Notice that in this case

J$p,0u5~ up,p&J with x↔y!

5~ u0,p& with x↔y)5R0~y!Lp~x!5^p,0u, ~54!

where we have used Eqs.~51!, ~52!, ~38!, and ~39!. Thus

J$p,0u5J^p,0u, but in general we will find that theJ$p,nu ’s
given by Eq.~51! will require renormalization before the
satisfy the biorthonormality requirement

J^p,nup8,n8&J5dpp8dnn8 . ~55!

The matrix element index inequalities given with Eq.~42!
also suggest the expansion

up,p2 j &J5ap
~ j !(u j ,p21&

1 (
k50

j21

(
m.p2 j

uk,m&Cm
~k; j ,p! for j51,2,...,p,

~56!

Cm
(k; j ,p)Þ0 only if k, j andm.p2 j . We repeatedly use

this implicitly below. Substituting Eq.~56! into both sides of
Eq. ~46! and projecting ontôk,mu yields

ap
~ j !~ ^k,muPBakeru j ,p2 j &

1(
r50

j21

(
s.p2 j

^k,muPBakerur ,s&Cs
~r ; j ,p!

5
1

2p
ap

~ j !S ^k,mu j ,p2 j &

1(
r50

j21

(
s.p2 j

^k,mur ,s&Cs
~r ; j ,p!D

1ap
~ j21!S ^k,mu j21,p2~ j21!&

1(
r50

j22

(
s.p2~ j21!

^k,mur ,s&Cs
~r ; j21,p!D . ~57!

Repeated application of the biorthonormality, Eq.~40!,
yields for k in @0, j21# andm.p2 j

1

2p
~dk jdm p2 j1Cm

~k; j ,p!!

5^k,muPBakeru j ,p2 j &1(
k<r

j21

(
s.p2 j

m

^k,muPBakerur ,s&

3Cs
~r ; j ,p!2

ap
~ j21!

ap
~ j ! ~dk j21dm p2~ j21!1Cm

~k; j21,p!!.

~58!
CHAOS, Vol. 7,
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If k5 j , the second term on the left-hand side and the seco
third, and fourth terms on the right-hand side all vanis
leaving a special case of Eq.~43!:

1

2p
5^ j ,p2 j uPBakeru j ,p2 j &. ~59!

Because of Eq.~45!, either bothk5r andm5s in the second
term on the right-hand side of Eq.~58!, or neither equality
holds. Thus, we may separate thek5r andm5s term from
the others, move it to the left-hand side, and obtain the f
damental recursion formula fork, j :

S 12p2 1

2m1kDCm
~k; j ,p!5^k,muPBakeru j ,p2 j &

1(
k<r

j21

(
s.p2 j

m

^k,muPBakerur ,s&

3Cs
~r ; j ,p!

2
ap

~ j21!

ap
~ j ! ~dk j21dm p2~ j21!

1Cm
~k; j21,p!!. ~60!

The recursive iteration of these equations proceeds in
order: j50,1,2,..., andk5 j21,j22,...,2,1,0.

The special casek5 j21 andm5p2( j21) yields

^ j21,p2~ j21!uPBakeru j ,p2 j &5
ap

~ j21!

ap
~ j ! . ~61!

Sinceup,p&J5u0,p&, we setap
(0)51 in the recursion for the

ap
( j )’s, Eq. ~61!.
In order to fully grasp the nature of this recursio

method, it is extremely illuminating to work out a few cas
in detail. As will be seen,p51 and p52 are straightfor-
ward, butp53 already introduces important subtleties.
discussingp53, we will prove several identities applicabl
to the arbitraryp case.

For p51, u1,1&J5u0,1&. Thus, only j51 is allowed.
Therefore,k50. Equation~60! reduces to

S 122
1

2mDCm
~0;1,1!5^0,muPBakeru1,0&2

a1
~0!

a1
~1! dm1 . ~62!

Form.1,

Cm
~0;1,1!5

1

1

2
2

1

2m

^0,muPBakeru1,0&. ~63!

C1
(0;1,1) is undetermined sincem51 implies that Eq.~62!

yields

a1
~1!5

1

^0,1uPBakeru1,0&
. ~64!

Therefore, Eq.~56! implies

u1,0&J5a1
~1!S u1,0&1 (

m.0
u0,m&Cm

~0;1,1!D . ~65!
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260 Ronald F. Fox: Construction of Jordan basis
From Eq.~51!, we have

J$1,0u5~ u1,1&J with x↔y!5~ u0,1& with x↔y)5^1,0u.

~66!
Therefore,

J$1,0u1,0&J5a1
~1! ~67!

and

J^1,0u5
1

a1
~1! J$1,0u5

1

a1
~1! ^1,0u. ~68!

provides the renormalization needed in Eq.~55!. Similarly,

J$1,1u5~ u1,0&J with x↔y!

5a1
~1!S ^0,1u1 (

m.0
Cm

~0;1,1!^m,0u D . ~69!

Therefore,

J$1,1u1,1&J5a1
~1! ~70!

and

J^1,1u5
1

a1
~1! J$1,1u5^0,1u1 (

m.0
Cm

~0;1,1!^m,0u. ~71!

Finally, we must have, according to Eq.~55!,

J^1,1u1,0&J5J^1,0u1,1&J50. ~72!

The second inner product is automatic, but the first requ

2a1
~1!C1

~0;1,1!50. ~73!

Thus,C1
(0;1,1) is finally determined; it vanishes.

For p52,u2,2&J5u0,2& and J$2,0u5^2,0u. The cases are
j51 andk50, or j52 andk51, or 0.

For j51 andk50, we obtain

S 1222 1

2mDCm
~0;1,2!5^0,muPBakeru1,1&2

a2
~0!

a2
~1! dm2 . ~74!

Form.2,

Cm
~0;1,2!5

1

1

22
2

1

2m

^0,muPBakeru1,1&. ~75!

C2
(0;1,2) is undetermined sincem52 implies

a2
~1!5

1

^0,2uPBakeru1,1&
. ~76!

Therefore,

u2,1&J5a2
~1!S u1,1&1 (

m.1
Cm

~0;1,2!u0,mL ~77!

and

J$2,1u5~ u2,1&J with x↔y!

5a2
~1!S ^1,1u1 (

m.1
Cm

~0;1,2!^m,0u D . ~78!

Since
CHAOS, Vol. 7,
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J$2,1u2,1&J5~a2
~1!!2, ~79!

then

J^2,1u5
1

~a2
~1!!2 J$2,1u

5
1

a2
~1! S ^1,1u1 (

m.1
Cm

~0;1,2!^m,0u D . ~80!

For j52 andk51, we obtain

S 1222 1

2m11DCm
~1;2,2!5^1,muPBakeru2,0&2

a2
~1!

a2
~2! dm1 .

~81!

Form.1,

Cm
~1;2,2!5

1

1

22
2

1

2m11

^1,muPBakeru2,0&. ~82!

C1
(1;2,2) is undetermined sincem51 implies

a2
~2!5

a2
~1!

^1,1uPBakeru2,0&
. ~83!

For j52 andk50, we obtain

S 1222 1

2mDCm
~0;2,2!

5^0,muPBakeru2,0&1 (
s.0

m21

^0,muPBakeru1,s&Cs
~1;2,2!

2
a2

~1!

a2
~2! Cm

~0;1,2! . ~84!

Notice that the first term on the right-hand side vanish
because 012 is even. Form.2,

Cm
~0;2,2!5

1

1

22
2

1

2m

S (
s.0

m21

^0,muPBakeru1,s&Cs
~1;2,2!

2
a2

~1!

a2
~2! Cm

~0;1,2!D . ~85!

C2
(0;2,2) is undetermined sincem52 implies

05^0,2uPBakeru1,1&C1
~1;2,2!2

a2
~1!

a2
~2! C2

~0;1,2! . ~86!

Therefore,

u2,0&J5a2
~2!S u2,0&1 (

m.0
Cm

~1;2,2!u1,m&

1 (
m.1

Cm
~0;2,2!u0,m& D . ~87!

The absence of them51 term in the last expression on th
right-hand side follows from Eq.~84! because the first term
on the right-hand side of Eq.~84! vanishes, the secon
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261Ronald F. Fox: Construction of Jordan basis
term’s summation has no summand form51, andC1
(0;1,2)

50 by them.p2 j rule for the Cm
(k; j ,p)’s. Thus C1

(0;2,2)

50. Therefore,

J$2,2u5~ u2,0&J with x↔y!

5a2
~2!S ^0,2u1 (

m.0
Cm

~1;2,2!

3^m,1u1 (
m.1

Cm
~0;2,2!^m,0u D . ~88!

Since

J$2,2u2,2&J5a2
~2! , ~89!

then

J^2,2u5
1

a2
~2! J$2,2u

5^0,2u1 (
m.0

Cm
~1;2,2!^m,1u1 (

m.1
Cm

~0;2,2!^m,0u.

~90!

From Eq.~87!, it is clear that

J$2,0u2,0&J5a2
~2! . ~91!

Therefore,

J^2,0u5
1

a2
~2! ^2,0u. ~92!

We are now in a position to check biorthonormality, E
~55!. We obtain

J^2,2u2,0&J5a2
~2!
„C2

~0;2,2!1~C1
~1;2,2!!21C2

~0;2,2!
…,

J^2,2u2,1&J5a2
~1!~C2

~0;1,2!1C1
~1;2,2!!,

J^2,2u2,2&J51,

J^2,1u2,0&J5
a2

~2!

a2
~1! ~C1

~1;2,2!1C2
~0;1,2!!,

J^2,1u2,1&J51, ~93!

J^2,1u2,2&J50,

J^2,0u2,0&J51,

J^2,0u2,1&J50,

J^2,0u2,2&J50.

These results are consistent with Eq.~55! if

C2
~0;1,2!5C1

~1;2,2!5C2
~0;2,2!50. ~94!

Once again, the undetermined expansion coefficients ar
nally determined; they vanish. Moreover, these results
consistent with Eq.~86!.

For p53, u3,3&J5u0,3& andJ$3,0u5^3,0u. The cases are
j51 andk50, or j52 andk51 or 0, or j53 andk52 or
1 or 0, a total of six cases. Recall the conditions for
CHAOS, Vol. 7,
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nonvanishing of the expansion coefficients given just bel
Eq. ~56!. Only results will be given since the method shou
now be clear.

j51, k50:m.2,

Cm
~0;1,3!5

1

1

23
2

1

2m

^0,muPBakeru1,2& for m.3. ~95!

C3
(0;1,3) is undetermined sincem53 implies

a3
~1!5

1

^0,3uPBakeru1,2&
. ~96!

The associated Jordan state candidates are

u3,2&J5a3
~1!S u1,2&1 (

m.3
Cm

~0;1,3!u0,m&1C3
~0;1,3!u0,3& D ,

~97!

J$3,1u5a3
~1!S ^2,1u1 (

m.3
Cm

~0;1,3!^m,0u1C3
~0;1,3!^3,0u D .

~98!

j52, k51:m.1,

Cm
~1;2,3!5

1

1

23
2

1

2m11

^1,muPBakeru2,1& for m.2. ~99!

C2
(1;2,3) is undetermined sincem52 implies

a3
~2!5

a3
~1!

^1,2uPBakeru2,1&
. ~100!

j52, k50:m.1,

Cm
~0;2,3!5

1

1

23
2

1

2m

S (
s.1

m21

^0,muPBakeru1,s&Cs
~1;2,3!

2
a3

~1!

a3
~2! Cm

~0;1,3!D for m.3. ~101!

C3
(0;2,3) is undetermined sincem53 implies

05^0,3uPBakeru1,2&C2
~1;2,3!2

a3
~1!

a3
~2! C3

~0;1,3! . ~102!

In this case, the possibility ofm52 is excluded because a
terms on the right-hand side of Eq.~60! vanish for one rea-
son or another@Eq. ~101! must be used to see thatC2

(0;2,3)

50#.
The associated Jordan state candidates are

u3,1&J5a3
~2!S u2,1&1 (

m.3
Cm

~0;2,3!u0,m&1C3
~0;2,3!u0,3&

1 (
m.2

Cm
~1;2,3!u1,m&1C2

~1;2,3!u1,2& D , ~103!
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J$3,2u5a3
~2!S ^1,2u1 (

m.3
Cm

~0;2,3!^m,0u1C3
~0;2,3!^3,0u

1 (
m.2

Cm
~1;2,3!^m,1u1C2

~1;2,3!^2,1u D . ~104!

j53, k52:m.0,

Cm
~2;3,3!5

1

1

23
2

1

2m12

^2,muPBakeru3,0& for m.1. ~105!

C1
(2;3,3) is undetermined sincem51 implies

a3
~3!5

a3
~2!

^2,1uPBakeru3,0&
~106!

j53, k51:m.0,

Cm
~1;3,3!5

1

1

23
2

1

2m11

S (
s.0

m21

^1,muPBakeru2,s&Cs
~2;3,3!

2
a3

~2!

a3
~3! Cm

~1;2,3!D for m.2, ~107!

C2
(1;3,3) is undetermined sincem52 implies

05^1,2uPBakeru2,1&C1
~2;3,3!2

a3
~2!

a3
~3! C2

~1;2,3! . ~108!

In this case, the possibility ofm51 is excluded because a
terms on the right-hand side of Eq.~60! vanish for one rea-
son or another.

j53, k50: m.0,

Cm
~0;3,3!5

1

1

23
2

1

2m

S ^0,muPBakeru3,0&

1 (
s.0

m21

^0,muPBakeru1,s&Cs
~1;3,3!

2
a3

~2!

a3
~3! Cm

~0;2,3!D for m.3. ~109!

C3
(0;3,3) is undetermined sincem53 implies

05^0,3uPBakeru3,0&1^0,3uPBakeru1,2&C2
~1;3,3!

2
a3

~2!

a3
~3! C3

~0;2,3! . ~110!

In this case, the last case of the six cases,m52 andm51
are still possibilities. Equation~60! implies

S 1232 1

22DC2
~0;3,3!5^0,2uPBakeru1,1&C1

~1;3,3!2
a3

~2!

a3
~3! C2

~0;2,3! ,

~111!

S 1232 1

2DC1
~0;3,3!5^0,1uPBakeru3,0&. ~112!
CHAOS, Vol. 7,
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The associated Jordan state candidates are

u3,0&J5a3
~3!S u3,0&1 (

m.3
Cm

~0;3,3!u0,m&1C3
~0;3,3!u0,3&

1C2
~0;3,3!u0,2&1C1

~0;3,3!u0,1&1 (
m.2

Cm
~1;3,3!u1,m&

1C2
~1;3,3!u1,2&1 (

m.1
Cm

~2;3,3!u2,m&

1C1
~2;3,3!u2,1& D , ~113!

J$3,3u5a3
~3!S ^0,3u1 (

m.3
Cm

~0;3,3!^m,0u1C3
~0;3,3!

3^3,0u1C2
~0;3,3!^2,0u1C1

~0;3,3!^1,0u

1 (
m.2

Cm
~1;3,3!^m,1u1C2

~1;3,3!^2,1u

1 (
m.1

Cm
~2;3,3!^m,2u1C1

~2;3,3!^1,2u D . ~114!

For p53, the undetermined coefficients areC3
(0;1,3),

C2
(1;2,3), C3

(0;2,3), C1
(2;3,3), C2

(1;3,3), andC3
(0;3,3). Moreover

Eqs.~102!, ~108!, and~110! must be satisfied, and Eq.~110!
makes it clear that all of these coefficients cannot van
Checking biorthonormality, Eq.~55!, yields

J$3,3u3,3&J5a3
~3! ,

J$3,2u3,2&J5a3
~2!a3

~1! ,
~115!

J$3,1u3,1&J5a3
~1!a3

~2! ,

J$3,0u3,0&J5a3
~3! .

Therefore,

J^3,0u5
1

a3
~3! ^3,0u, ~116!

J^3,1u5
1

a3
~2! S ^2,1u1 (

m.3
Cm

~0;1,3!^m,0u1C3
~0;1,3!^3,0u!,

~117!

J^3,2u5
1

a3
~1! S ^1,2u1 (

m.3
Cm

~0;2,3!^m,0u1C3
~0;2,3!^3,0u

1 (
m.2

Cm
~1;2,3!^m,1u1C2

~1;2,3!^2,1u D , ~118!
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263Ronald F. Fox: Construction of Jordan basis
J^3,3u5^0,3u1 (
m.3

Cm
~0;3,3!^m,0u1C3

~0;3,3!^3,0u

1C2
~0;3,3!^2,0u1C1

~0;3,3!^1,0u1 (
m.2

Cm
~1;3,3!^m,1u

1C2
~1;3,3!^2,1u1 (

m.1
Cm

~2;3,3!

3^m,2u1C1
~2;3,3!^1,2u. ~119!

These are candidates, for the renormalized left-sided Jo
states. However, further checks of biorthonormality rev
that orthogonality is not always satisfied. The cases that
not identically zero are

J^3,1u3,0&J5
a3

~3!

a3
~2! ~C1

~2;3,3!1C3
~0;1,3!!, ~120!

J^3,2u3,0&J5
a3

~3!

a3
~1! ~C2

~1;3,3!1C3
~0;2,3!1C2

~1;2,3!C1
~2;3,3!!,

~121!

J^3,2u3,1&J5
a3

~2!

a3
~1! ~2C2

~1;2,3!!, ~122!

J^3,3u3,0&J5a3
~3!~2C3

~0;3,3!1~C2
~2;3,3!!2

12C2
~1;3,3!C1

~2;3,3!!, ~123!

J^3,3u3,1&J5a3
~2!~C3

~0;2,3!1C2
~1;2,3!C1

~2;3,3!1C2
~1;3,3!!,

~124!

J^3,3u3,2&J5a3
~1!~C3

~0;1,3!1C1
~2;3,3!!. ~125!

This circumstance is remedied by application of the Gra
Schmidt orthogonalization procedure.2c

We get genuine Jordan states as follows. The right-si
states are already given by Eq.~56!. It is the left-sided states
that require further work. Recall thatap

(0)51, and write

J^p,0u5
1

ap
~0!ap

~p! J$p,0u ~126!

and for r51,2,...,p
CHAOS, Vol. 7,
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J^p,r u5
1

ap
~r !ap

~p2r !

3S J$p,r u2(
s50

r21

J$p,r up,s&J J^p,su D . ~127!

To show that both Eqs.~48! and ~49! and Eq.~55! are now
satisfied, we need two lemmas.

Lemma 1:For r in @0, p21# ands in @0, p21#,

J$p,r up,s&J5J$p,r11up,s11&J . ~128!

Proof: From Eqs.~46!–~49!, it follows that

S PBaker2
1

2pD up,s&J5up,s11&J ~129!

and

J$p,r11uS PBaker2
1

2pD5J$p,r u. ~130!

Therefore,

J$p,r up,s&J5J$p,r11uS PBaker2
1

2pD up,s&J

5J$p,r11up,s11&J ~131!

Lemma 2:For r51,2,...,p,

ap
~r21!ap

„p2~r21!…

ap
~r !ap

~p2r ! 51. ~132!

Proof: From Eq.~61!, it follows that

ap
~r21!ap

~p2~r21!!

ap
~r !ap

~p2r ! 5
^r21,p2~r21!uPBakerur ,p2r &

^p2r ,r uPBakerup2~r21!,r21&
.

~133!

From Eq.~42!, the statement of the lemma follows becau
of the j↔n andk↔m symmetry

^ j ,kuPBakerum,n&5^n,muPBakeruk, j &. ~134!

The proof of Eqs.~48! and ~49! for the left-sided states
given in Eqs.~126! and~127! uses the principle of induction
Recall that by construction, the statesJ$p,r u satisfy Eqs.~48!
and ~49!. Therefore, Eq.~126! implies thatJ^p,0u satisfies
Eq. ~49!. Similarly, we verify Eq.~48! for J^p,1u.
J^p,1uPBaker5
1

ap
~1!ap

~p21! ~J$p,1uPBaker2J$p,1up,0&J J^p,0uPBaker!

5
1

ap
~1!ap

~p21! S 12p J$p,1u1J$p,0u2
1

2p J$p,1up,0&J J^p,0u D
5

1

2p J^p,1u1
ap

~0!ap
~p!

ap
~1!ap

~p21! J^p,0u5
1

2p J^p,1u1J^p,0u, ~135!

where the last equality follows from Lemma 2. Now assume that Eq.~48! has been verified forn50,1,2,...,r21. We show
that it is true forr :
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J^p,r uPBaker5
1

ap
~r !ap

~p2r ! S J$p,r uPBaker2(
s50

r21

J$p,r up,s&J J^p,suPBakerJD
5

1

ap
~r !ap

~p2r ! S 12p J$p,r u1J$p,r21u2
1

2p (
s50

r21

J$p,r up,s&J J^p,su2(
s51

r21

J$p,r up,s&J J^p,s21u D
5

1

2p J^p,r u1
1

ap
~r !ap

~p2r ! S J$p,r21u2(
s51

r21

J$p,r up,s&J J^p,s21u D
5

1

2p J^p,r u1
1

ap
~r !ap

~p2r ! S J$p,r21u2(
s51

r21

J$p,r21up,s21&J J^p,s21u D
5

1

2p J^p,r u1
1

ap
~r !ap

~p2r ! S J$p,r21u2(
s50

r22

J$p,r21up,s&J J^p,su D
5

1

2p J^p,r u1
ap

~r21!ap
~p2~r21!!

ap
~r !ap

~p2r ! J^p,r21u5
1

2p J^p,r u1J^p,r21u. ~136!
th
s.
an

q

s
q
y,

of
The fourth equality follows from Lemma 1 and the seven
equality follows from Lemma 2. Thus, by induction, Eq
~48! and ~49! have been verified for the left-sided Jord
state candidates of Eqs.~126! and~127!. It remains to prove
Eq. ~55!. From above, we now have the analogue of E
~130! which is

J^p,r11uS PBaker2
1

2pD5J^p,r u. ~137!

Therefore, with Eq.~129! this implies forr.0

J^p,r up,r &J5J^p,r uS PBaker2
1

2pD up,r21&J

5J^p,r21up,r21&J . ~138!

Application of this resultr times yields

J^p,r up,r &J5J^p,0up,0&J ~139!

Equations~56! and ~126! imply

J^p,0up,0&J51. ~140!

Thus, the diagonal part of Eq.~55! has been proved. Now
consider an off-diagonal inner product withr,s,

J^p,r up,s&J5J^p,0up,s2r &J

5J^p,0uS PBaker2
1

2pD up,s2r21&J50,

~141!

wherein the first equality follows fromr iterations of Eqs.
~129! and ~137! in succession, the second equality follow
from Eq.~129!, and the last equality is a consequence of E
~49!. For r.s, an inductive argument is required. Clearl
for r51, Eqs.~127! and ~140! guarantee

J^p,1up,0&J50. ~142!

For r52, Eqs.~127! and ~139!–~141! guarantee both
CHAOS, Vol. 7,
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J^p,2up,0&J50, ~143!

J^p,2up,1&J50. ~144!

Therefore, assume that for somer.0 and for alls,r we
have shown that

J^p,r up,s&J50. ~145!

We now show that for alls,r11

J^p,r11up,s&J50. ~146!

Proof: From Eq.~127! we have

J^p,r11up,s&J5
1

ap
~r11!ap

„p2~r11!… S J$p,r11up,s&J

2 (
s850

r

J$p,r11up,s8&J J^p,s8up,s&JD
5

1

ap
~r11!ap

„p2~r11!… S J$p,r11,up,s&J

2 (
s850

r

J$p,r11up,s8&Jds8sD
50. ~147!

Thus, by induction, we have verified Eq.~145! in general for
s,r . This completes the verification of Eq.~55!.

It is now possible to give the spectral decomposition
the Baker F–P operator.2c We obtain
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265Ronald F. Fox: Construction of Jordan basis
PBaker5u0,0&J J^0,0u1 (
p51

` S (
n50

p

up,n&J
1

2p

3J^p,nu1 (
n50

p21

up,n11&J J^p,nu D . ~148!

Especially note the simplen-shift structure that embodies th
off-diagonal terms in the Jordan canonical form10 in the last
term on the right-hand side.

IV. RECURSION FORMULAS AND COMBINATORIAL
IDENTITIES

Three different outcomes have occurred for the coe
cients of eigenstates or Jordan states in terms of the ex
sion basis. In Eq.~12!, the expansion coefficients fo
Rm(x), the Bernoulli eigenfunctions, are given by a fini
sum containing Bernoulli numbers, themselves genera
recursively.5,12 In Eq. ~27!, the expansion coefficients fo
Lm(x), the Bernoulli–Koopman eigenstates, are given
closed form by an explicit function of the indicesm andn.
Why isn’t Eq. ~12! of this form? Can its finite sum be ex
ecuted in closed form for arbitrarym andn? I don’t think so.
I think it is fully reduced as is. Equation~27!, however, is
also the solution to a fundamental recursion formula,
~155!, to be derived below. That the recursion formula, E
~155!, has Eq.~27! as its solution can be explicitly verifie
for a finite number of special cases, but a direct, gen
proof that this is so for every choice of indices has not be
found. The truth of Eq.~27! is proved by an independen
argument~Appendix B! and not by solving the recursion
Finally, in Eq. ~60!, the expansion coefficients forup,n&J ,
the Jordan basis, are given by a recursion formula. Is the
closed form solution to this recursion that gives an expl
formula for theCm

(k; j ,p) , in parallel with Eq.~27!? Perhaps
the solution, if it exists, will be more like Eq.~12!, i.e.,
requiring execution of finite sums for each choice of indic
Perhaps Eq.~60! is the optimal result.

The formula for the matrix elements,Lmn , Eq. ~27!, ap-
pears in Ref. 2a. It is a consequence of the subdynam
method2,13 applied to the resolvent operator treatment of
F–P operator,@Eqs. ~3.14! and ~3.15! of Ref. 2a#, all of
which yields a recursion formula@Eq. ~F1! of Ref. 2a#, the
solution to which is Eq.~27!. The fundamental identity may
be derived using Zwanzig’s 1960 projection opera
technique14 and Laplace transforms. This approach requi
several pages of proof, and the subsequent establishme
the recursion equation in Ref. 2a takes a few more. An
plicit proof of Eq. ~27! does not appear in Ref. 2a althoug
the method to be shown here is implicit in Ref. 8. Below, w
show how to arrive at the recursion formula directly fro
Eqs. ~17! and ~23!, without use of the resolvent operato
apparatus. This parallels the construction in the previous
tion in which a direct method produced the fundamental
cursion formula, Eq.~60! @compare the subdynamics resu
Eq. ~14! of Ref. 2c#.

Together, Eqs.~17! and ~23! imply
CHAOS, Vol. 7,
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KB(
k5m

`

Lmkfk~x!5
1

2m (
k5m

`

Lmkfk~x!. ~149!

Multiplication by fn(x) and integration overx yields the
matrix equation

Lmn52m(
k5m

n

LmkI kn ~150!

in which I kn is defined by

I kn5E
0

1

dx fn~x!KBfk~x!5E
0

1

dx fk~x!PBfn~x!.

~151!

These matrix elements are straightforwardly evaluated us
Eqs.~4! and ~10!2a giving

I kn5
A~2k11!~2n11!

2k (
s50

n2k S 2
1

2D
s

3
~k1n1s!!

~n2k2s!! ~2k1s11!!s!
, ~152!

which is true only fork<n. Otherwise, it is zero. Clearly,

I nn5
1

2n
. ~153!

Thus, Eq.~150! may be rewritten as

Lmn5S 2m

12
1

2n2m
D (
k5m

n21

LmkI kn . ~154!

Since it is known thatLmm51 @see Eq.~27!#, we quickly
obtain the fundamental recursion formula, Eq.~F1! of Ref.
2a.

Lmn5S 2m

12
1

2n2m
D S I mn1 (

k5m11

n21

LmkI knD . ~155!

We have directly checked this recursion against Eq.~27!
given Eq.~152!. In fact, because these equations were es
lished in Ref. 2a, originally we tried to prove Eq.~27! from
this recursion and Eq.~152!. Later, we discovered the non
recursive proof of Eq.~27! given in Appendix B. It is, nev-
ertheless, very striking to explicitly contemplate the simul
neous truth of Eqs.~27! and ~155! ~rewritten with n5m
12k!:

~2m12k21!!

~2k11!!
5(

j50

k

(
s50

2k22 j S 2
1

2D
s 1

22 j
~2m14 j11!

3
~2m12 j12k1s!!

s! ~2k22 j2s!! ~2m14 j1s11!!

3
~2m12 j21!!

~2 j11!!
. ~156!

That this combinatorial identity is true for anym>1 and any
k>0 is amazing, as can be seen by checking it.
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266 Ronald F. Fox: Construction of Jordan basis
Also, before we discovered the proof of Eq.~27! given
in Appendix B, we observed that Eq.~26! implies that there
is an explicit finite summation yielding the matrix elemen
Lmn . From Eq.~12!, we see that

Rmm51. ~157!

for everym>1. Therefore, Eq.~26! may be rewritten as

L5~R†!215~11T!21, ~158!

in which 1 is the identity andT is the off-diagonal part of
R†. BecauseR is lower triangular,T is strictly super-
diagonal, and its successive powers are more and m
super-diagonal. Thus the matrix element ofL is given by a
finite series@rather than by the infinite series seemingly im
plicit in the last expression on the right-hand side of E
~158!#

Lm m12k5dk01~12dk0!(
j51

k

„~2T! j…m m12k . ~159!

Because of Eq.~12!, we knowT explicitly, and all that re-
mains is to execute the summation in Eq.~159!. Numerous
checks for special values ofk have verified the consistenc
of Eqs.~159! and~27!, a combinatorial identity involving the
Bernoulli numbers.

V. THE ENTROPY EVOLUTION EQUATION

On the one hand, it is known4 that the Baker F–P opera
tor, PBaker, preserves Gibbs entropy,S, a functional of
f (x,y) defined by

S@ f #52E
0

1

dxE
0

1

dy f~x,y!ln„f ~x,y!…. ~160!

That is,

S@PBakerf #5S@ f #. ~161!

In this case, the invariant, maximal entropy, equilibrium de
sity underPBaker is the constant 1 over the entire unit squa
Thus, the conditional entropy4 and the entropy are identica
The proof of Eq.~161! is straightforward4 and appears in
Appendix D. On the other hand, if we contemplate an exp
sion for f (x,y) in terms of theup,n&J basis forPBaker, then
we have the formal expansion

f ~x,y!5 (
p50

`

(
n50

p

cpnup,n&J , ~162!

and application ofPBaker produces

PBakerf ~x,y!5 (
p50

`

(
n50

p

cpn

1

2p
up,n&J

1 (
p50

`

(
n50

p21

cpnup,n11&J . ~163!

The new states with argumentn11 will receive reciprocal
powers of two prefactors upon successive application
PBaker as well as shifts to largern-arguments, at least unt
CHAOS, Vol. 7,
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n5p is reached. These features are captured by the ide
@cf. Eq. ~58! of Ref. 2c# for the n-fold iteration of PBaker

acting onup,n&J with n.p2n:

PBaker
n up,n&J5 (

k50

p2n
n!

k! ~n2k!!

1

2~n2k!p up,n1k&J ~164!

in which the upper limit of the summation isn for n,p
2n. Apparently, successive applications ofPBaker on
f (x,y) cause all but the invariant, equilibrium state, i.e
u0,0&J , which is constant and has eigenvalue 1, to decay~this
argument is not uniform inp!. The asymptotic result appear
to be the equilibrium density which has maximal entropy.
would appear that the entropy has increased rather than
ing remained constant. On the other hand, the decays in
~164! manifest the intrinsic irreversibility of the dynamics, a
would be seen in correlation functions.1d,2c

That there is really no paradox here as a result of
inconsistency of Eqs.~161! and~164! is a consequence of th
invalidity of the expansion for a probability distributio
given by Eq.~162!. This is due to the Schwartzian nature
the Jordan states. Thus the two sides of the equation
functions of very different character. This sort of subtlety
this kind of analysis has been discussed in Refs. 1d and
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APPENDIX A: PROOF OF EQ. (12)

Equations~8! and ~11! imply

Rmn5E
0

1

dx Rm~x!fn~x!. ~A1!

A Bernoulli polynomial property2,5,12 implies ~note theB’s
not R’s!

dn

dxn
Bm~x!5

m!

~m2n!!
Bm2n~x!. ~A2!

Together with Eq.~10!, Eq. ~A2! converts Eq.~A1! into

Rmn5
A~2n11!

n! E
0

1

dx Rm~x!
dn

dxn
„x~12x!…n

5
A~2n11!~2m11!

n!
~21!m1n

~2m!!m!

~m! !2~m2n!!

3E
0

1

dx Bm2n~x!„x~12x!…n, ~A3!
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267Ronald F. Fox: Construction of Jordan basis
wherein ann-fold integration by parts has been used alo
with the fact that all boundary terms vanish. Clearly, forn
.m, the result is 0. Moreover, since5,12

Bm~12x!5~21!mBm~x!, ~A4!

these integrals vanish unlessm1n is even, as is proved by
making the substitutionx↔12x.

To finish the proof, we need explicit expressions for t
integrals. These are most easily obtained from the genera
function for Bernoulli polynomials:2,5,12

t exp@xt#

exp@ t#21
5 (

m50

`

Bm~x!
tm

m!
. ~A5!

This implies that

E
0

1

dx
t exp@xt#

exp@ t#21
„x~12x!…n

5 (
m50

` E
0

1

dx Bm~x!„x~12x!…n
tm

m!
. ~A6!

The left-hand side may be rewritten as

E
0

1

dx
t exp@xt#

exp@ t#21
„x~12x!…n

5E
0

1

dx
t

exp@ t#21 (
q50

`
tq

q!
xq1n~12x!n. ~A7!

Using integration by partsj times, one easily gets2a

E
0

1

dx xi~12x! j5
j ! i !

~ i1 j11!!
. ~A8!

Putting this into Eq.~A7! yields

E
0

1

dx
t exp@xt#

exp@ t#21
„x~12x!…n

5
t

exp@ t#21 (
q50

`
n! ~q1n!!

~2n1q11!!q!
tq. ~A9!

We now have an explicit expression for the left-hand side
Eq. ~A6!. Since the right-hand side of Eq.~A6! is a power
series in t, we can obtain themth term by takingm
t-derivatives, followed by settingt50. This yields the iden-
tity

E
0

1

dx Bm~x!„x~12x!…n

5
dm

dtm S t

exp@ t#21 (
q50

`
n! ~q1n!!

~2n1q11!!q!
tqD , ~A10!

whereint is set to 0 on the right-hand side after the diffe
entiations. From Eq.~A5!, we see that

t

exp@ t#21
5 (

m50

`

Bm~0!
tm

m!
5 (

m50

`

Bm

tm

m!
, ~A11!
CHAOS, Vol. 7,
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wherein the second equality follows from the fact that t
values of the Bernoulli polynomials atx50 are just the Ber-
noulli numbers.5 When we substitute this expression into E
~A10! and use the Leibnitz rule for the differentiations, fo
lowed by settingt50, we finally get

E
0

1

dx Bm~x!„x~12x!…n

5(
r50

m
m!

r ! ~m2r !!
Bm2r

n! ~n1r !!

~2n1r11!!
. ~A12!

Looking back at Eq.~A3!, we see that we need Eq.~A12! for
the special case:m replaced bym2n. The result is Eq.~12!.

APPENDIX B: PROOF OF EQ. (27)

In I , we proved that there is a class of functions that c
be expanded in terms of the Bernoulli polynomials. Su
expansions take the form

f ~x!5 (
m50

`

cmBm~x! ~B1!

with the coefficients given by the formula5,12

cm5
1

m!
„f ~m21!~1!2 f ~m21!~0!… ~B2!

where f (k) denotes thekth derivative off for k>1 and

c05E
0

1

dx f~x!. ~B3!

A combination of Eqs.~24! and~25! and Eq.~6! implies

fn~x!5 (
m50

n

Lmn~21!mA~2m11!
~2m!!

~m! !2
Bm~x!. ~B4!

Equation~B2! implies that

Lmn5~21!m
1

A~2m1 !

~m! !2

~2m!!m!

3„fn
~m21!~1!2fn

~m21!~0!…. ~B5!

From Eq.~10!, we see that

fn
~m21!~x!5

A~2n11!

n!

dn1m21

dxn1m21 „x~12x!…n. ~B6!

An application of Leibnitz’s rule generates

fn
~m21!~x!5

A~2n11!

n! (
q5m21

n1m21
~n1m21!!

q! ~n1m212q!!

3
n!

~n2q!!
~21!n1m112q

n!

~q112m!!

3xn2q~12x!q112m. ~B7!

At x51, only theq5m21 term is nonzero and we get
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fn
~m21!~1!5~21!nA~2n11!

~n1m21!!

~m21!! ~n2m11!!
,

~B8!

while at x50, only theq5n term is nonzero and we get

fn
~m21!~0!5~21!m11A~2n11!

~n1m21!!

~m21!! ~n2m11!!
.

~B9!

Therefore,

fn
~m21!~1!2fn

~m21!~0!

5~21!nA~2n11!
~n1m21!!

~m21!! ~n2m11!!

3„12~21!n1m11
…. ~B10!

Putting this into Eq.~B5! produces Eq.~27! whenm1n is
even, and zero otherwise.

APPENDIX C: PROOF OF EQ. (42)

The left-hand side of Eq.~42! is expressible as

^ j ,kuPBakerum,n&

5E
0

1

dxE
0

1

dy Lj~x!Rk~y!PBakerRm~x!Ln~y!

5E
0

1

dxE
0

1

dy Lj~x!Rk~y!@Rm~x/2!Ln~2y!U~1/22y!

1Rm~x/211/2!Ln~2y21!U~y21/2!#

5E
0

1

dx Lj~x!Rm~x/2!E
0

1/2

dy Rk~y!Ln~2y!

1E
0

1

dx Lj~x!Rm~x/211/2!E
1/2

1

dy Rk~y!Ln~2y21!

5E
0

1

dx Lj~x!Rm~x/2!
1

2 E
0

1

dy Rk~y/2!Ln~y!

1E
0

1

dx Lj~x!Rm~x/211/2!

3
1

2 E
0

1

dy Rk~y/2 11/2!Ln~y!. ~C1!

Equation~A4! implies
CHAOS, Vol. 7,
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Rm~12x!5~21!mRm~x!. ~C2!

In parallel, Eq.~10! implies

fn~12x!5~21!nfn~x!, ~C3!

which with Eq.~23! implies

Lm~12x!5~21!mLm~x!. ~C4!

Therefore,

E
0

1

dx Lj~x!Rm~x/211/2!

5~21!mE
0

1

dx Lj~x!Rm~1/22x/2!

5~21!mE
0

1

dx Lj~12x!Rm~x/2!

5~21!m1 jE
0

1

dx Lj~x!Rm~x/2!, ~C5!

wherein the second equality utilized the substitutionx→1
2x, the first used Eq.~C2! and the third used Eq.~C4!. A
similar sequence of arguments enables us to also prove

E
0

1

dy Rk~y/211/2!Ln~y!

5~21!kE
0

1

dy Rk~1/22y/2!Ln~y!

5~21!kE
0

1

dy Rk~y/2!Ln~12y!

5~21!k1nE
0

1

dy Rk~y/2!Ln~y!. ~C6!

Putting Eqs.~C5! and ~C6! into Eq. ~C1! yields

^ j ,kuPBakerum,n&5E
0

1

dx Lj~x!Rm~x/2!E
0

1

dy Rk~y/2!

3Ln~y!
1

2
@11~21!m1 j1k1n#.

~C7!

The remaining two integrals are of the same structure. C
sider any function,f (x), expandable in terms of the Ber
noulli polynomials as in Eq.~B1!. Using Eq. ~6!, this be-
comes
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f ~x!5(
m

cm~21!m
1

A~2m11!

~m! !2

~2m!!
Rm~x!. ~C8!

The biorthonormality expressed by Eq.~18! implies

E
0

1

dx Lj~x! f ~x!5cj~21! j
1

A~2 j11!

~ j ! !2

~2 j !!

5~21! j
1

A~2 j11!

j !

~2 j !!

3„f ~ j21!~1!2 f ~ j21!~0!… ~C9!

in which the second equality follows from Eq.~B2!. This
result and Eq.~C7! imply that we need the identity

Rm
~ j21!~x/2!5~21!mA~2m11!

~2m!!

~m! !2
Bm

~ j21!~x/2!

5~21!mA~2m11!
~2m!!

~m! !2

3
m!

~m2 j11!!

1

2 j21 Bm2 j11~x/2!,

~C10!

where the second equality follows from Eq.~A2!. Therefore,

E
0

1

dx Lj~x!Rm~x/2!5~21! j1m
A~2m11!

A~2 j11!

j !

~2 j !!

3
~2m!!

m! ~m2 j11!!

1

2 j21

3~Bm2 j11~1/2!2Bm2 j11~0!….

~C11!

Clearly, for j>m11, this result vanishes. Thusj<m is es-
tablished. Treating the second integral in Eq.~C7! the same
way completes the proof.
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APPENDIX D: PROOF OF EQ. (161)

Equation~35! implies

S@PBakerf #52E
0

1

dxE
0

1/2

dy f~x/2,2y!ln„f ~x/2,2y!…

2E
0

1

dxE
1/2

1

dy f~x/211/2,2y21!

3 ln„f ~x/211/2,2y21!…

52E
0

1

dxE
0

1

dyF12 f ~x/2,y!ln~ f ~x/2,y!!

1
1

2
f ~x/211/2,y!ln„f ~x/211/2,y!…G

52E
0

1/2

dxE
0

1

dy 2
1

2
f ~x,y!ln„f ~x,y!…

2E
1/2

1

dxE
0

1

dy 2
1

2
f ~x,y!ln„f ~x,y!…

5S@ f #, ~D1!

wherein the second equality follows from variable chang
2y→y and 2y21→y, and the third equality follows from
variable changesx/2→x andx/21 1

2→x.
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