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Abstract

Numericaldisplayof the behavior o$trings
originating inside the critical strip for the Dirichlet Eta
function provide strong visual evidend®er why the
Riemann hypothesis is most likely true. A modified version
of the reflection principle is used justify this claim The
stringsare generated by the action of the Dirichlet eta
function on the unit interval of sigmaOsdarh fixed value
of t. The t string can exhibit at least three types of
behavior. They cannot intersect the origin, they can
Intersect the origin at a point emanating from sigma equal
0.5, or they can intersect themselves. If only the first two
possibilities occur the Riemarhypothesis is true. If the
third possibility occurs and the intersection point is also the
origin then the Riemann hypothesis is false. Heuristic
numerical evidence is presented that suggests the Riemann
hypothesis is truel'he results presented in timaper were
made possible usingiolfram Mathematica 12.



Introduction

The Riemann hypothesis remains one of the outstanding prolslems
analytic number theory after almost 160 yearslfl concerned with the
distribution of prime numbergnd is encasulated by the Riemann zeta
functionand an equivalent expressiamitten exclusively in terms of primes
found by Euler [2] much earlidfor real s)
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in which! I 1 + 1" a complex number with real pariand imaginarypart
coefficientt. The expressisiabovearevalid fora ! ! andareabsolutely
convergenthere In [1] Riemann used analgtcontinuation to extend the
zeta function into the reginme< ¢ < 1 (and intotheregimeo < 0! and
found theDirichlet eta function equatiofconjectured by Euler in 1749)

1) = Y (-1 = (1 - 279¢()

This result involves contlonally convergent series and must be handled
with care. In the form
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it provides a way of computing the zeta functionet o < 1 in terms of
the alternating eta series. Tha series is the difference between exen
terms and odd terms. If these terms are summed separately, theesigs
of all oddn and the sulseries of all even diverge.

Also in [1] Riemann established the reflection formulaffer ¢ < 1
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Using this equation together with the equation just above it yields the
reflection formula for the eta function
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There are zeroad zeta and eta of three kinds. There are sormabed
trivial zeroes fos = o0 = —2, —4, ... creaked by the siaterm.There are also
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trivial zeroes associated with the fac 1_22 ) . These are of the form

1-— lm for integerk. The remaining notrivial zeroes of zeta are also

nontrivial zeroes for etandvisa versa. The critical strip defined by

0 <o <1and—oo <t < oo contains these netnivial zeroesThe Riemann
hypothesis ise = 0.5 for all non-trivial zeroes. In 2004, Gairdon|[3]
verified the hypothesis for the firs612 zeroes using an algorithm invented
by Odlyzko[4].

A modified reflection formula

The reflection formulas for zeta and eta given in the introduction are
most useful when considering zeroes of z&aféhe trivial zeroes account
for all zeroes due to factoother than zeta/eta the reflection equations.
Only the nontrivial zeroes remain to be studisttictly inside the critical
strip. The other factors do not vanish inside the critical skigye we will
focus attentiomirectly on the eta functionfwo results will be of use later in
the paper. The firsesultis

Lemma 1: ifs, is a zero of eta then solig*.
For general analytic function’, it is very easy to construct a counter

example to the statement that if z is a zerf,dhen so ix*. The structure
of eta, however, makes the statement of Lemma 1 true.

n(so>—0+2< 1yt Z( 1)1 Expl-itgn(n)
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Since both the real and the imaginary parts must vanish separately, one is
free to replace thei by +i in the last lineand that implieg (s, *) = 0.

The second result is teodified reflection formula [5]
Lemma 2: ifs, is a zero of eta then solis- s,*.

If s, is a zero of eta then the eta reflection formula impliesithat, is
also a zero of eta. By Lemma 1 thisane thatl — s,* is also a zero of eta.

The modified reflection formula can be expressed; i t,i is a zero
of eta then so i$ — g, + t,i. These two expressions have thee
imaginary parts and that is key to what follows.

Visualization of the genesis of zeroes

Displaying the behavior of eta visually greatly enhances our ability to
understand how and why the ntivial zeroes of eta (zeta) occur for
o = 0.5. We begin by restricting the argument of eta to the realofixise
critical strip. Foro € (0,1) we findn(o) € (0.5, n(2)). The unit interval
for o is compressed by into an interval of length 0.193E. Becaugéds
continuous and infinitely differentiable in bathandt, we expect that small
variations int will create small variations ip. We know that the first zero
of eta has an imaginary part slightly bigger thanTh#refore we will begin
by looking at what happens to a set of pointsfer .02,.04,.08, ...,.98
(steps of .02and for a fixed value af. The cloice of discrete values ofis
imposed in order to keep the magnitude of the computegmsonable. For
the first figure below, the choice of spacing works pretty well and the sets of
points for a fixedt represent arring very well. Some discretenedses
appear in ta longer segmenttargert values)and shows a neaniform
density.



For users of Mathematica 12 this figure is the output of a manipulation of
the program written as

Table[Sum[(£1)™(n- 1))*(1/((n)"sig))*Exp[t*Log[n]* i],{n, 1,! }], {sig,
.02, .98, .02}, {t, 1, 14, 1}]

There is a lot of information in this figure. Eastning (I allow astringto

have curvature, a slight amount in this figure, and much more in later
figures)is labeled byt and is made up dhe values betafor t andfor 49

evenly spaced values afwith the 25" value equal td.5. There are 14

stringsin the figurecorresponding to 14 values ofrom 1, 2, 3, E , to 14.

Thet = 1 stringis located near the 1 on the abscissa at about 10 oOclock. |
is the shortesitringin the plot, slightly larger than 0.1%®he arc length for



the case = 0). As we go clockwise we see thstrings fort = 2, 3, 4, 5, and
6. Clearly they are getting longer in arc length and are moving away from
the origin.String 6 appears below the abscissa at about 4 oOclock. The points
on thestringare arranged with the small valuessadistal to the 1 on the
abscissa and the larger valuegrgiroximalto the 1 on the abscissaince

the eta values for uniformly space®s are not uniformly spaced the 0.5
value of eta is not halfway along tlength of thestring By enlarging the
figure the location of this specialcan be found. The"@and the 4™ strings

are close to each othieist before9 oOclockThe 9" stiing is the shorter of

the two. 1tOs = 1 value (actually 0.98 in this plot) is closest to the origin. It
looks like a slight adjustment in theralue would put the = 1 right on the
origin. Indeedt = 9.0647E does do so. This corresponds precisely with a

trivial zero given above by — i% for the case ok = 1. Similarly the

14" stringlooks like an adjustment of itsvalue would possibly put = 0.5
on the origin. Let us try = 14.134725E. This is plotted below.
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The lowerstringis thet = 14 stringfrom the previous plot. The difference
in gpparent slope is the resultdifferent aspect ratios thetwo plots The
upper curve is fot = 14.134725, the imaginary part of first netmivial

zero for eta. Moreovet; = 0.5 corresponds with #125" dot in the 49 dot
representation of the interval (it can be located by counting from the left)
As you can see the typical value for a dotiisa part in the tenths and a
imaginary part in the tenths as well. However th® @8lot has thetavalue
1.62123x107% — 2.6635%1077 i. Since we have expressed ther the

first zero of eta to only one part i~° we cannot expect to get OzeroO to
any better precisiolhe smalkrvalues ofo produce the points to the left in
the figure ad the largevalues ofo produce the points to the right in the
figure.

The question that shouts out from this account is why doesrihg
intersect the origin at = 0.5 ?! This is where the modified reftdon
formula comes into play.

Theorem:
A stringlabeled byt can intersect the origin only fer= 0.5.

Suppose that stringlabeled byt’ does intersect the origior the values’.
Therefores’ + t'i is a zeroof eta. The modified reflection formula states
thatl — o' + t'i is also a zero. Since these two zeros have the samey
are on the sam&ring No stringcan intersect a point (the origin) more than
once. Thus the two points must be the same pointt'i =1—0' + t'i
which impliesg’ = 0.5.

There is one possibility that would invalidate this conclusion. What
happens if thatringintersects itselfThat is suppose that + t'i and
1—o0' +t'i are zeroes of e@ando’ # 0.5. Then thestringintersecs itself
atthe originproducing a loop ther&husthe Riemann hypothesis would be
false To investigate this possibility further we will have to look at the
behavior ofstrings for much larger values of because for the small values
exhibited in the figures so far there i3 reason to suspect sattersections.

Complexity of strings for large t



Let us begin our study of largestrings with the value
t = 267653395648.8475231278. This has 22 digits, 12 to the left of the
decimal point and 10 to the rigi/e have it on god authority that this is
the imaginary part of a zerd][ If we compute the eta values for all 49
points and for this value afthen we get
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Note the scale. The arc length is more than 14,0080 point distal to the
origin is the eta value far = .02. After the first 7 discrete points the
remaining 42 points are a smear. By restrictirtg the values (.42, .44, .46,
48, .5, .52, .54, .56, .58) we obtain a blopvof the region around the

origin. The point at the origin has the vali®00939283 + 0.00431777i
which is incredibly small compared to the other values of points in the plot.
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The small values af make up the points on the left branch whereas the
large values ofr make up the points on the right branch. Unlike before it
appears that the largevaluesof etaare receding from the origin like the
smallo values but in a different direction. This is incorrect as can be seen by
including more points. If we include values from .38 to .98 in steps of .02
then we get
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The right branch does not go very far out but instead turns inward making
the whole plot a kind of logarithmic spiral. You can count the 24tddtse
right of the origin On the left there are 22 more dots unseen because they

are too far outdr the scale of this plgthey can be seen in the first plot for
this value oft).

Note that we have referredto= 267653395648.8475231278 as a
large value ot. That is a matter of perspective. Clearly there are still larger
values with zillions 6digits. What do thetrings look like for such larger
values thatare still finite and therefore not really so big. Does the
logarithmic spiral like structure seen above develop more turns but remain
nonself-intersectingimplying that the Riemann hyfgeesis is true, or do
selfintersections begin to ocguat the originfor some large threshold value
of t, implying that the Riemann hypothesis is false?



Observation of self-crossing t-strings

If it could be proved that-strings are never selfrossing then the
Riemann hypothesis (RH) is true, following from the theorem above. All my
attempts at a proof failed. Finally the contrary position was adopted and it
did not take long to find a countexample. From OdlyzkoOs tables [4] of
largetOs we aset = 267653395648.8475231278 to use above. In the
first figure above where small valuestofl, 2 E 14, are looked at the
stringsare slightly curved. For the large Odlyzkgalues, such as the one
we have selected, one end of thstringis tightly wound (the end
emanating from 05 < ¢ < 1). By movingt slightly away from its value as
the imaginary part of an eta zero we get a crossing:

1 " L " . 1 " " . " 1 A " " X 1

0.5 1.0 15

The value ot is 267653395648.83The left branch (the end emanating from
0 < ¢ < 0.5) shoots down te-199897 — 605732 i that is too big to be



plotted with the loop crossing that occurs for lasgas. Note that for the

overall scale of thig- stringthe crossing occurs rather close to the origin.
The dots correspond with choosimgo go from 0.005 to 1.0h steps of
0.005. This plot only usesfrom 0.495 to 1.0 in steps of 0.005 so that the

long tail does not dominate the plot. There are 102 dots. The dot next to the
ordinate at1.34 is the dot fos = 0.5. Clearly the crossing is for two
different vales ofo. Indeed the crossing points are both for values thiat

are bigger tham = 0.5. Moreover, the use of OdlyzkoOs zero, unchanged,
clearly shows that the origin is crosseddo# 0.5

The spacing of the dots is 4 times coarser in this figurgeaoed to the one

above it. The increase in the valuet &6r this figure (a zero), needed to get

the value fort in the preceding figure (a crossing), is just 0.0175231278 out
of 2.6765339564883x 101, However for this value ot (a zero) there is
no longer a seltcrossing of the-string



After making a more extensive search for examples of crossings it
was found that neednOt be so large. Eer 231.61 a tight hairpin crossing
occurs. The figure below shows this featureddrom 0.5 to 1 m steps of
0.005. This crossing value,= 231.61, is about midway between the
imaginary parts of two zeros: 231.250188700 and 231.987235253. However
at thet values for the two zeros there are no crossings.
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Another example of a robust crossing $amallt is fort = 357.60,
about half way between the imaginary parts of two zeros: 357.151302252
and 357.952685102. The features are the same as abioos 0.5to 1 in
steps of 0.005. However at the&alues for the two zeros there are no
crossings.
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Discussion

Had we been able to prove that evergtringnever has a self
crossing then we would have a proof of the RH. That these curves can self
intersect has been demonstrated by examples. This is not equivalent to a
disproof of the RH. Onlyfiwe can demonstrate a seitersection
coincidently at the origin as well, would we have a disproof (a zero and two
values ofe # 0.5). So far we have an example of a s®lissing loop
formation tantalizingly close to the origin. The crossing in thé ¢rsssing
plot above, for large, is located with a real part of sige and an
imaginary part of size-1.15, whereas the a#length of the entire-string
(not shown) is of orde$.3x10°. Typically the small values af are
transformed by eta iata very long tail with only slight overall curvature,
and certainly no crossings. The effect of eta on large valuessdb
produce a tightly wound segment of very limited extent and sometimes with
crossings. So far a crossing fos &&ss than 0.5ds not been observed. Only
a value slightly less than 0.5 would be possible for a crossing because the



structure of the long, smat, tails is incompatible with crossings. Such a
crossing foto slightly less than 0.5 at the origin would require a parne
slightly larger than 0.5 according to thedified reflection formula. The

loop formed in this way would contain the imagerof 0.5 on its interior

and not at the zero. If such an example can be found RH is false. If instead it
can be shown that creimgs never happen fer< 0.5 then RH is true.

Analytically finding conditions for selintersections of- stringsand
then finding additional conditions for crossing points to be coincident with
the origin may prove as demanding as, say, provingspraling RH.
Having found examples of saifossings by accident does not mean that
finding crossings at the origin will be as easy (they may not exist). Any
mathematical analysis will involve logarithms, trigonometric functions and
of course the prime nupers. Each of these is overtly evident in the eta
function in the form of trigonometric functions of logarithms of primes.
Complex analysis, algebra and differential/integral calculus play their roles
as well. In this paper, however, the emphasis is ondhguter based
computational heuristics ofstrings. At first it was thought that proving that
t- strings never intersect themselves would be enough, until it was realized
that it is not true. Such intersections take place for laaged for smalk.
However, observations so far suggest that intersections never occurtor the
values for zeros and zeros never occut fealues of intersections. Instead
of proving there cannot be crossings, which is false, it is enough to prove
that crossings neveccur fort values of zeros or far < 0.5. This suggests
that RH is true. What can happen whes truly large, so that In(ln]) is
very large, say, is unknown. Possibly more ornate multiple crossings are
possible.

RH has tempted many and many eliéfint approaches have been tried.
Some approaches have led to novel developments in both old and new fields
of mathematics. Numerous equivalent problems have been identified.
Hundreds of incorrect analyses have been profféreein some great
mathematicias have been stymieBor myself | have enjoyed this sojourn
into the unfathomable, the ineffable and the arcane. Perhaps this heuristic
visualization construct, theline-segment, will enable a few others to more
clearlysee the meaning of RH.

In the frst figure 14 line segments have been plotted togethers If
interpreted as time then one can make a movie that shows the sequence of



stringsone after the other. In reality tis&ingsdo not evolve from each

other sequentially. Each emanates frofixedt and the unit interval ofOs.
However, a movie would illustrate how the line segments smoothly adjust as
zero crossings occur and as sgthssings come and go.
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