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The theory of multiplicative stochastic processes has been shown to lead to a density matrix description of 
nonequilibrium quantum mechanical phenomena. In the present paper a detailed treatment of the approach 
to the uniform. microcanonical, and canonical equilibrium density matrices is presented. The canonical 
equilibrium density matrix is approached by the density matrix which represents a subsystem in contact with 
a constant temperature heat reservoir. 

INTRODUCTION 

In a recent paper the theory of multiplicative stochastic 
processes was explained, and it was shown how such a 
theory potentially leads to a description of nonequili­
brium phenomena. l In the present paper the density ma­
trix formulation of nonequilibrium quantum mechanical 
phenomena will be presented with a detailed account of 
the approach to the uniform, microcanonical, and canoni­
cal equilibrium density matrices. The circumstances in 
which the canonical equilibrium density is approached 
are of particular interest since they correspond to a 
subsystem which is in contact with a constant tempera­
ture heat reservoir. 

RECAPITULATION 

The SchrOdinger equation for nonrelativistic quantum 
mechanics may be written in matrix form as 2 

i it Ca(t) =: pMaa,Ca,(t), (1) 

where Maa, = M:a" which is the condition of Hermiticity, 
and where 6 C:(t)Ca (t) = 1 for all t, which is the condi-

a 

tion of conservation of total probability. The Hermiticity 
of Maa, in (1) is a necessary and sufficient condition for 
the conservation of total probability. Suppose that a fluc­
tuating contribution to the Hamiltonian is conSidered. 
Then (1) becomes 

.d '" ",-z dt Ca(t) = ~Maa,Ca,(t) + ~Maa,(t)Ca,(t), 

where M ,( t) = M:,Ci (t), and the following properties 
hold for the averaged moments of Maa' (t)l: 

(Maa, (t» = 0, 

(Maa,(t)MBB,(S» =: 2Qaa'BB,0(t-s), 

for n = 1, 2, ... , 
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(2) 

(3) 

(4) 

(5) 

(6) 

where S2n is the symmetric group of order (2n)! The 
properties given by (3), (4), (5), and (6) are those appro­
priate for a purely random, Gaussian, stochastic, matrix 
process. Such stochastic processes are the only type of 
stochastic process to be considered in this paper. 

A density matrix representation for the Schrodinger 
equation is obtained in terms of the density matrix P aB 
(t), which is defined by3 

PaB(t) == C:(t)CB(t). 

With the definitions 

LaBa'B' == 0aa,MBB,(t) - °BB,M:a,(t), 

Eq. (2) may be used to directly verify 

i %tPaB(t) = 66[L a8a 'B' + LaBa'B' (t)]Pa'B' (t). 
Ct.' 8' 

(7) 

(8) 

(9) 

(10) 

This is the fluctuating denSity matrix equation. Using 
(3)-(6) to average over the stochastic contribution to 
(10), an equation for the averaged density matrix (PaB(t» 
may be obtained, although only after considerable compu­
tation l 

- 66RaBa'B,(Pa'B,(t». (11) 
a' B' 

The "matrix" R aB a' a' which appears in (11) is defined 
byl 

R aBa'B' == 0aa' 6 QaeeB' + 0aB' 6 Qeaa'fJ 
fJ e 

-QSB'a'a -Qa'aBB" (12) 

where Q aB~ v is the "matrix" which appears in (4) and (6). 

From (12) it also follows that for arbitrary complex 
matrices X ~B ' 

and for arbitrary 11. and vI, 

APPROACH TO THE UNIFORM EQUILIBRIUM 
DENSITY MATRIX 

(13) 

(14) 

Equations (13) and (14) lead to a proof that (11) describes 
the approach of (p aB (t» to an equilibrium density 
matrix which is uniform1 ; 

Copyright © 1973 by the American Institute of Physics 20 

Downloaded 10 Sep 2011 to 130.207.50.192. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



21 Ronald Forrest Fox: Multiplicative stochastic processes 

(15) 

If there are N eigenstates involved, then conservation of 
total probability implies Po = liN. The equilibrium den­
sity matrix given by (15) has been discussed by Tolman. 4 

If the different eigenstates also have different energy 
eigenvalues, then the uniform equilibrium density matrix 
nevertheless gives equal weight to each eigenstate inde­
pendently of its energy eigenvalue. Physically, the uni­
form equilibrium density matrix has found almost no 
applications, and only possesses theoretical interest. 
The reason that the uniform equilibrium density matrix 
asymptotically occurs is that in (2) no restrictions with 
respect to eigenstate-eigenstate couplings have been im­
posed upon Mew' (t). Unrestricted, Mew: (t) may couple 
any two eigenstates, even if their energy eigenvalues are 
greatly different. It is this feature of M aa' (t) which leads 
to the uniform equilibrium density matrix. 

APPROACH TO THE MICROCANONICAL EQUILIBRIUM 
DENSITY MATRIX 

Consider Eq. (2). Because both Maa' and Maa' (t) are 
Hermitian matrices, there exists a unitary transforma­
tion which diagonalizes Maa' while transforming Maa' (t) 
into another Hermitian matrix MIa' (t). This transfor­
mation may be schematized by 

(16) 

(17) 

In the following, the superscript T will be dropped. There­
fore, by unitary transformation, Eq. (2) may always be 
written in the form 

i d~ Ca(t) = daCa(t) + ~Maa,(t)Ca,(t), (18) 
a 

where the d a' are real numbers and correspond to the 
energy eigenvalues. 2 Equation (18) is as general as (2). 

In order to obtain the approach to the microcanonical 
equilibrium density matrix instead of the uniform equili­
brium density matrix, it will be required that the Maa' (t) 
in (18) be restricted by the condition that it does not 
generate couplings between eigenstates a and fl, for which 
d a '" d s' In this way the fluctuating contribution to the 
Hamiltonian only couples eigenstates corresponding to 
the same degenerate energy eigenvalue. Formally, this 
situation is achieved by the replacement of Maa' (t) with 
M aa , (t) o(d a - d a')' where o(d a - d a') is the Kronecker 
delta symbol in the two arguments d a and d a" Equation 
(18) then becomes 

i d~ Ca(t) = daCa(t) + ?jMaa,(t)O(da -da,)Ca,(t), (19) 

which clearly separates into an equation for each distinct 
degenerate energy eigenvalue manifold of eigenstates. 

Therefore, in the following, consideration will be con­
fined to one particular, but otherwise arbitrary, degene­
rate manifold of eigenstates for which the energy eigen­
value will be denoted by d. 2 Therefore, (19) becomes 

(20) 

where it is understood that all the eigenstates coupled 
by Maa' (t) have energy eigenvalue d. With this in mind, 
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properties (3)-(6) characterize the various averaged 
moments of Maa' (f). 

The averaged denSity matrix equation corresponding 
with (20) is given by 
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d 
dt (PaS(t)) =-~~RaBa'B'(Pa'B,(t)). (21) 

a' /3' 

The analog to the first term in the right-hand side of (11) 
is zero in (21) because 

= O. (22) 

The equilibrium state follows from conditions (13) and 
(14) and is given by 

(23) 

where Po = liN if the degeneracy is equal to N. There­
fore, each eigenstate in the degenerate manifold becomes 
equally probably in equilibrium. 

It is of particular interest to consider how the total 
energy behaves during the approach to the microcanoni­
cal equilibrium density matrix. The total energy is given 
by3 

Etotal (t) == :0 :0 [doaB + MaB(t)]PaB(t) 
a B 

= d+:0:0 M aS(t)P aB(t)· 
a B 

(24) 

The first term in the second expression follows from 
conservation of total probability. In the Appendix it is 
proved that 

< ~ ~ MaB(t) P aB(t~ = O. (25) 

Therefore, the total energy, on the average, is d for all 
times t, while ~ :0 MaB(t) PaB(t) represents the fluctua-

a B 
tions of the total energy around the average value d. 
These energy conSiderations complete the treatment of 
the approach to the microcanonical equilibrium density 
matrix. 

APPROACH TO THE CANONICAL EQUILIBRIUM 
DENSITY MATRIX 

ConSider a subsystem in contact with a constant temp­
erature heat reservoir. The complete system will have 
an equilibrium state characterized by a microcanonical 
density matrix. However, the equilibrium state of the 
subsystem will be characterized by a canonical equili­
brium density matrix if the heat reservoir is very large. 
Of interest here is the situation in which the heat reser­
voir remains in its equilibrium state throughout time 
while the subsystem relaxes into equilibrium with the 
reservoir from an initial nonequilibrium state. The pro­
blem will be to determine the dynamical equations for 
the relaxation of the subsystem into its canonical equili­
brium density matrix. 

Denote the Hamiltonians for the subsystem and the heat 
reservoir by Hs and HR , respectively. It is assumed 
that the state of reservoir is given, on the average, by 
its equilibrium state throughout time. Therefore, the in-
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teraction between the reservoir and the subsystem is 
represented by a stationary, purely random, Gaussian 
Hamiltonian iI{ f). 

Latin indices will be used to denote eigenstates of the 
subsystem 

(26) 

Greek indices will be used to denote reservoir eigen­
states 

(27) 

Generally, iI(t) will have nonzero matrix elements in the 
direct product manifold of the two eigenstate manifoldS 
of Hs and HR' Denoting the identity matrices for the 
subsystem eigenstate manifold and for the reservoir 
eigenstate manifold by 1s and 1R , respectively, the total 
Hamiltonian for the complete system may be written as 

(28) 

The Schrodinger wavefunction !/I(f) may be expanded in 
terms of direct product basis states. 

1/.i{t):= 6 6 c ;a{t)li)la). 
i a 

(29) 

With the Hamiltonian given by (28), (29) leads t0 2 

. d - ( z dt Cia (t) = (Ei + Ea)Cia(t) + H iajB f)CjB (f), (30) 

where H;aj8 (t) is defined by 

Hiaj8 (t) == (a I(i lii(t) Ii> I (3). (31) 

In (30) and throughout the remainder of this section the 
repeated index summation convention is used. 

In order to insure that this description leads to a micro­
canonical equilibrium density matrix for the complete 
system, it is necessary to restrict HiajB (t) to be zero 
unless Ei + Ea = E. + EJ3' This restriction is schema­
tized in Fig. 1. Witb this restriction, (3) is a special 
case of (20) if the substitutions 

(32) 

are made, and if (30) is restricted to a single degenerate 
manifold of eigenstates for the complete system with 
total energy E total' Because of a result analogous with 
(25), the energy eigenstates of the complete Hamiltonian 
are, on the average, direct products of the energy eigen­
states of the subsystem and reservoir Hamiltonians. 

The density matrix is defined by3 

RESERVOIR 
~IGENSTATE~ 

COUPLING 
INTERACTION 

SUBSYSTEM 
EIGENSTATES 

FIG,1. Rioja = 0 unless Ei + Eo = Ej + E B • 

J. Math. Phys., Vol. 14, No.1, January 1973 

(33) 
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The stochastically averaged denSity matrix satisfies the 
equation2 

d 
dt (PiajB(t)) = -iLiaj8i'a'j'B'(Pi'a'J'B,(t» 

(34) 
-R iajSi'a'j'S'(Pi'a'j'S' (t», 

where 

L iaj B i' a'j' B' = 0ii' 0aa' (Ej + E B ) Ow ° 13 B' - ojj' 0BB' 

X (Ei + Ea)ow 0aa" (35) 

The expression in (35) is actually equal to zero since 
the direct product eigenstates are restricted to the 
manifold satisfying 

(36) 

as is implied by (32). This corresponds to the absence 
of an L term in (21). However, an L term is explicitly 
indicated in (34) since it will actually manifest itself 
later. The RiajBi'a'j'B' in (34) is defined by 

Riaj8i'a'j'S' == Ow 0aa' Qj8ee'fHJ'j'8' (37) 

+ ojj' 0BB' Qee'iai'a'as' - Qj8i'S'i'a'ia - Qi'a'iai8j'B' , 

where 

(i'iiajB (t)Hi'a'i'B' (s» = 2QiaiBi'a'j'B' o(t - s). (3S) 

The condition that the reservoir state remain the equili­
brium state throughout time is imposed by assuming that 
the averaged density matrix (Pia)S (t» factors into a 
direct product of the subsystem density matrPt, and the 
reservoir density matrix in which the reservoir density 
matrix is given, for all times, by its equilibrium density 
matrix. The reservoir equilibrium density matrix must 
be the canonical density matrix because of: (36), the con­
dition that the complete system has a microcanonical 
equilibrium density matrix, and the condition that the 
subsystem has a canonical equilibrium density matrix. 
Formally, the factorization is given by 

(PiajB (t» ~ (Pij (t)(p aB)' 

where 

where QR := 6 a exp[- (E a/KBT»), KB is Boltzmann's 
constant, and T is the temperature of the reservoir. 

(39) 

(40) 

Putting (39) and (40) into (34), followed by taking the 
trace over reservoir eigenstates, produces the following 
equation for the averaged subsystem density matrix: 

Note that the L term of (34) does contribute to (41). 

By defining T ij i ' j' by 

(41) 

Tiji'j' == Riaja;'a'j'a' (l/QR) exp[- (Ea,/KBT»), (42) 

Eq. (41) becomes 
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d~ {Pij(l» =-i(Ej-E;)(Pij(t)) -T;j;'j,(Pi'j,(t»· 
(43) 

It is of interest to consider the relationship between 
T iii'}' and T i'j'ij' The use of (37), (38), and Fig. 1 is re­
qUIred. 

Figure 1 and (38) imply that 

QiaitWa'i' 6' = 0 unless Ei + Ea = Ej + Ee 

and Ei' + Ea' = Ej' + Ee" 

This may be written with Kronecker deltas as 

(44) 

Q;aJBi'a'j'Il' o(E; + Ea - Ej - E8 )o(Ei' + Ea, - Ej' - Ee,)· 
(45) 

Using expressions similar to (45) in (37) leads to 

x o{Ee + Ee, - Ej' - Ell') 

+ Ow 08B,Qee';ai'a'ee' o(Ee + Ee, - Ei - Ea) 

x o(Ei , + Ea' - Ee - Ee,) - 2QjBj'S'i'a'ia] 

X o(Ej + Es - Ei' - E8,) O(Ei + Ea - Ei' - Ea,). (46) 

Using (46), along with appropriate index changes, in (42) 
gives 

T iji'j' := [ow ° aa.' Q jaee'ee'j'a' o(Ej + Ea - Ee - Ee,) 

x o(Ee-Ee,-EJ,-Ea,) + oWoaa,Qee'ia;'a'ee' 

- 2QJaj'a'i'a'ia]0(Ej + Ea - Ei' - Ea,) 

x O(E; + Ea - Ei' - Ea,)(l/QR) exp[- (Ea,/KBT)] 

= [ow oaa,Q;'a'ee'ee'Ja O(E; + Ea - Ee - Ee,) 

x O(Ee + Ee, - Ej' - Ea,) + Ojf,Oaa,Q;e'i'a'iaee' 

x O(Ee + Ee, - Ei - E)O(E;, + Ea' - Ee - Ee,) 

- 2Q;'a'jaia;'a;]0(Ej + Ea - Ej' - Ea,) 

x o(Ei + Ea - Ei' - Ea ,) 

= [ow 0aa' Q;'a ee'ee'fa' o(Ej , + Ea - Ee - Ee,) 

x o(Be + E e, - Ej - Ea,) + Ow 0aa,Q;e'i'aia'ee' 

x O(Ee + Ee, - Ei' - E,,JO(E; + Ea' - Ee - Ee,) 

- 2Qj.aja'i:x'i'cJ o(E}' + Ea - Ej - Ea,) 

x o(Ei + Ea.' - Ei' - Eo.) 

(47) 

The second equality in (47) follows from the Hermiticity 
of H(t) in (38), while the third equality follows from re-
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naming the indices QI and Q' according to the interchange 
QI +-+ a '. In the last expression for T iji'i..' in (47), the ~ac­
tors O(Er + Ea - Ej - Ea,)o(Ei + Ea' - bi' - Ea) reqUlre 
that Ea. := Eo.' + Ej - Ei' := Ea' + Ei - E;, which may be 
combined to give 

Ea = Ea' + t(Ej + Ei - Ej' - Ei ,). 

This means that 

o(Ej' + Ea - E j - Ea.,)o(E; + Eo.' - Ei' - Ea) 

x (l/QR) exp[- (EaIKB T)] 

(48) 

:= O(Ej , + Ea - Ej - Ea,)O(E; + Ea' - Ei' - Ea )(l/QR) 

x exp[- (Ea.,jKBT)] exp[- (Ej + Ei 

- Ej' - E;,)/2KBT]. 

Putting (49) into the last expression for Tiji'f' in (47) 
gives 

x O(Ee + Ee, - EJ - Ea ,) + Ow 0aa' 

x Q:e'i'aia'ee,O(Ee + Ee, -Ei , -Ea) 

x o(E; + Ea' + Ee - Ee,) - 2Q;'a.Ja'ia'i'a] 

(49) 

x o(Ej' + Ea - Ej - Ea,)o(Ei + Ea' - E;, - Ea) 

1 (Eo.' ) x- exp ---
QR KBT 

( 
(Ej + Ei - Ej' - E i ,») 

x exp - • 
2KBT 

(50) 

However, using (46) in (42) in order to calculate T i'j'ij' 
directly verifies that (50) is simply 

Tifi'j':= T;'j'ij exp[- (Ej + Ei - Ej' - Ei ,)/2KB T]. (51) 

Together, Eqs. (43) and (51) provide the dynamical des­
cription of the temporal approach to equilibrium of the 
averaged density matrix for the subsystem. Equation 
(51) is a generalized detailed balancing condition. 

It can now be proved that the canonical equilibrium den­
sUy matrix is obtained asymptotically: 

(52) 

where Qs = z::; exp[- (EjIKBT)]. The proof of (52) uses 
J 

the first equality given in (47) to show that 

T i ji'j'(1IQs) exp[- (Ej'IKBT)]Oi'j';;;:: O. (53) 

Proof of (53): 

Ftom (47) it follows that 

T iji'j' (l/Q s) exp[ - (Ej' /K B T )]o;'j' 
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X o(Ei , + Eo' - Ee - E6') 

- 2Qjexj'a'i'a'iex]o(Ej + Ea - Ej' - Eex ,) 

1 (E ') 1 (E., ) 
X QR exp - K;T Q

s 
exp - ~ °i'i' 

= [baex,Qjaee'ee'ia' o(Ej + Eex - Ee - Ee,) 

X o(Ee + Ee, - E; - Ea,) + 0aa,Qee'iajex'ee' 

X o(Ee + Ee, - E j - Eex)o(Ej + Ea, - Ef! - Ee,) 

- 2Qjaea'ea';ex]o(Ej + Ea -Ee -Ea,)o(Ee + Ea, 

- Ei - Ea) (l/QRQs) exp[- (Etotal/KBT)] 

= (Qjex66'66'iex + Qee';exjexee' - 2Qjexee'ee'ia) 

X o(Ej + Ea - Ee - Ea,) o(Ea + Ee' - Ej - Ea) 

X (l/QRQs)exp[- (Etotal/KBT)] = O. (54) 

The second equality in (54) used (36), while the fourth 
equality used (38). This completes the proof of (53), 

SUMMARY 
It has been shown how the theory of multiplicative sto­
chastic processes leads to a description of the approach 
to equilibrium of the density matrix for a quantum 
mechanical system. In the case of a system which main­
tains a constant average total energy, the approach to the 
microcanonical equilibrium density matrix is described. 
In the case of a subsystem in contact with a constant 
temperature heat reservoir, the approach to the canoni­
cal equilibrium density matrix is described. This last 
case provides a unified treatment of some aspects of the 
problems of magnetic resonance relaxation, spectral 
line shape when the line shape is Lorentzian, and mole­
cular reaction relaxation phenomena,5,6 Detailed ac­
counts of these and other problems from the perspective 
presented in this paper remains to be presented. 

APPENDIX 
Proof of (25): Using Eq. (20), Cjj(t) can be written as 

C (t) == e-idt~ ~ (_i)k t tktk- I ... tstz ~ ~ 
t3 8' k "0 0 0 0 0 0 V k _I 11 1<-2 

X •• , ~ ~ MI3IIk_I(Sk)M~k-ll1k_2 (Sk_I)" 'Mp2111 (S2) 
112 "1 

X MpIa' (Sl)dS1'" dSkCS'(O), (55) 

Similarly, C:(t) can be written as 

C:( t) = e idt ~ ~ (i)l f tl {"I-I ••• t s 1S2 ~ ~ 
a' 1"0 0 0 0 0 0 VI V 2 

X ••• ~ ~ Ma,v (Sl)Mv " (S2)" 'M"l Vz I (SI-I) 
v /-2 v I-I 1 I 2 -2 -

XMv a (SI)dS1 ' "dSIC:, (0). (56) 
/-1 

In (56) the Hermiticity of M(t) has been used. In both 
(55) and (56) the multiple integrals are time ordered 
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with t ?: Sk ?: Sk-l ?: , •• ?: S2 ?: Sl ?: O. Using (7), the 
quantity of interest in (25) may be written as 

<12 ~MaB(t)PaB(t~ 

== (12 ~ C:(t)Ma6 (t)CeUP 
== ~ ~ ~ ~ is is (i)l(_i)k t t z •.. t2P tk 

ct a ct' a' 1"0 k~O 0 0 0 0 0 

x Mas( t)Ms~ k-1 (Sk)' •• MI1IB' (Sl» C:' (O)CB, (0)dS1 

x "'dSkdSi"'dS; 

X·, 'Mvl_la(S;) Mcts(t)MsPk_l (Sk)" 'MIlIB,(Sl» 

24 

xC;, (O)Ca, (0)dS1' •• dSk dSi' , • dS;. (57) 

Two cases need to be considered in evaluating the last 
expression (57), These two cases are (a) k + 1 is even 
and (b) k + 1 is odd. 

Case (a): If k + 1 is even, then there are 'k + 1 + 1 
M(t)'s in the product, and the average will be zero be­
cause of condition (5), 

Case (b): If k + 1 is odd, then there are k + l + 1 
M(t)'s in the product, and the average will not be zero 
because of condition (6). However, it will be shown below 
that these nonzero terms occur in pairs of opposite Sign 
so that the sum of all such nonzero terms is zero. 

Let p + q be odd and consider the two terms: k = P and 
1 = q, and k == q and 1 = p, In the first case the last ex­
pression in (57) contains the factor (i)q(- i)P, whereas in 
the second case it contains the factor (i)P(- i)q. How­
ever, p + q is odd implies 

(i)q(- i)P = (- l)P(i)p+q = - (-l)q(i)q+p == - (i)P(- i)q. 
(58) 

Therefore, if the remaining integral factors of these two 
terms are equal, then a pair of nonzero terms with oppo­
site signs have been identified. 

The remaining integral factor in the k = P and 1 = q case 
is 

1 t 1s' 1 s '1 11 s is ~.B q ... 2 P." 2~~~ .. , ~ ~ .. , 
ex' 8' 0 0 0 0 0 0 ex 8 VI uq _ I "P_I 

X ••• M~ /3' (81» C;, (O)Cs ' (0)dS1 ' •• dSp dSi.· • 'dS~ 
I (59) 

In the k = q and 1 = P case the remaining integral factor 
is 
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f tfS' f52flfs f S2 
~~ P"' o L •• ~E~'" E ~ 
0<' B' 0 0 0 0 0 0< B vI V P_1 J'q-l 

x ., 'Ml' l B' (S1» C;, (O)CI" (O)dS1 ' •• dSq dS;" •• dS~. 

(60) 

Therefore, the proof of (25) is reduced to proving that 
(59) and (60) are equal. That (59) and (60) are equal 
follows from the property that the trace of a product of 
matrices equals the trace of the transpose of the product 
of matrices. This is explicitly illustrated above by con­
sidering C;, (O)CB, (0) as a matrix, using the transpose 
property of the trace, renaming indices, and relabeling 
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the variables of integration. Thereby, the expression in 
(60) may be transformed into the expression in (59). 
This completes the proof of (25). 
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